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Abstract

The purpose of this paper is to show the new concept of the Lorentz transformation, and its
application to the electromagnetic theory.,

Using the Lorentz transformation, we have a many coordinate systems in Minkowski spaces.
However we can treat these coordinate systems only in one coordinate system.

Authors propose the helpful items which are simultaneous rsach surface and hyperbolic

radian of the situation in a Minkowskl space, and then we can get the essence of some events in

the 4-dimensional Time-space (the Minkowski space).
In the electromagnetic theory, we have a new phase of a moving charge, Moreover we will
have an idea of “stream charge” in place of the electric currenttl)-[2],
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1. Preliminaries
1.1 The component of a vector and its rotation
For simplicity, we substituted ¥ = 0 for the velocity vector ® = ¥ {ve, ¥y, v}, Then the rotation by the angle %o is

as follows:

*ER24E 6 A16H SR
5 E RSB TR A TR R
wor DATMAS TR TR s



2 Yoshio TAKEMOTO, Seishu SHIMAMOTO

Figure 1, v =v (v, ¥)=v ((v'x,v’y))‘

Then the rotation of the component # (v, #y) is

Vil [ cosfs sinfy v *)
Wy —sindo cosdof\ W

which is showed by blue arrows in Figure 1. However, the substance ¥ is still unhudging.

—

Figure 2. E=E (E,cp)=§((E',cp')).

Definition, [n 2 Fuclid spage, a velocity vector is translated as above (*) by the rotation, we call this physical

1.2 The relation between the rotation and the Lorentz transformation

— aia i i ve )
If we use two axes er=e¢'cf, e; =e¥x and angle &, then the coordinate ( I) of vector ¥ :(91,92)(1) ‘) is
Y Vx

; . ' i o
changed into the ccordinate ( ) r) of the vector v =(e's,es)| * * by the rotation ¢,
Vi Vs

. . : e\ [ cos sinfo [ ve .
Then its coordinate transformation is |~ “ = = ! ( ) By this transformation, the substance of
?'x —sinth cosfh/\ s

¥ (¥, %) is unbudging.
_ _r . . .
We put e=0,8 =4 in the coordinate transformation, then the axes become e1=cf, e2 = ix and the coordinate

’V‘cr

YV x P x

Pt A Vet Very |
( " ) of vector v ={ct, 1x)( ’ )=(c1‘,x) ( o ) is changed into the coordinate (

=(ct,x)( .’V:ct )
W x

Therefore( 'I):cl) =( coséh  —isindo )( 'Vc{)( cosh® —sinh @0)

iv's —isinfy cosfo /\ ivx —sinh @o cosh @

) of the vector v =(ct, ix)( v,'d)

Vet .
( ) , 8o = —18 holds,

ivy
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This rotation
( Vcr) :( ‘I«’c:‘)g) V' _ Ve _ cosh@s —sinh® ( Vct) L. (* *)
e/ Mve/ \ V' s —sinh®, cosh®g) \ Ve
is a Lorentz transformation when the particle moves to the sdirection with the speed "z":tanh(ao but, the meaning of this

angle @ = ih is unknown.

Definition. In a Minkowski space. a velocity vector is translated as above (**) bv the Lorentz transformation, we

call this physical quantity “proper” .

Example 1 (The 4-dimensional mementum).

When a particle is stable, then its energy E is mc? and the momentum is zero. Therefore, when the particle is
moving with the velocity # for the s-direction, its component is » (7,78:,0,0) by use of the 4-dimensicnal velocity.

Therefore we can put the 4-dimensional momentum which is showed by blue arrows in Figure 2.

_'—E _ﬁ_mcﬁy
ol A g

Where E =#mc?y is 2 energy and p = mcy8 is a momentum

H

E:L:~mcz+%mv2+--- {Energy),
-5 |
p= mvvz ~ ”21::4--'- {Momentum).
=
e
Andy=—mmt = _osh @ y8 =——C = g @,

. =
T 670 L A
c c
Furthermore, a part of signatures” —"is the invariance of the Lorentz transformation, ie. means the contravariznce

of vectors. We call this expression matrix vector and Lorentz form.

The proper physical quantity (4-dimensional momentum) is represented by the same point in the Minkowski

space even if the component is changed by the Lorentz transformation,

The Larentz transformation is expressed by using the matrix vector and Lorentz form as follows;
E o z
o

p 7,

r
where %: Y =cosh®, %T‘"= ¥f8x =sinh@.

¥ .0
[ * —7’_] R h:cosh%, 7_=(smh?, 0,0),

P
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2. The new items

Theorem 1.
In Figure 3, the angle ®=i9 is the arc length from A to B in the simultaneous reach line.

We named this angle ® a hyperbolic radian.

{Proof)
In-general, the arc length of the circle

(x,3)=ro{cosd,sind) is
BN ACRY
=58 ()

¢ ¢
=mS 4sin26+c0829d6:rog dé = rofl.
0 o

We use the same technique in the Figure 3,
and the wvelocity %#anh@ of a particle is

constant,

Then the formula det.

dr
and % — e = csinh ® holds.

= =ccosh® ,

Figure 3. Ao{cre,0),4: (crucosh@,crosinhe),Az(crocosh © +®');cz'usinh(®+®')).

When the proper time r; passes, then the particles reach 4i(ct,x)= Ai(cro cosh @,crosinh ©) and this peint is in
the surface (e£)*—2* ={czo)* in the Minkowski space. We call this hyperbolic surface simultsnecus reach surface,

Thus the arc length L on the hyperbolic line from the point As(cto, ) to the point 4i is

a 2 0 ® .
L=So (%) *(%%) dO=cr Su md@:croso de = cr@.

Therefore we can define the angle @(= —if)as the same arc length© |

(QED)

Corollary,
This arc length © and the simultaneous line (or surface) are new items and admissible to the Lorentz transformation.
(I} Any two points in the simultaneous line are shiftable each other by the Lorentz transformation,

{2) The compositicn of speed is the sum of the arc length.

¥ We put the point Ao{czo, 0),

i .(Iii} We differentiate the equation of the same

. DE _wmcosh@—X
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(Proof)
(1} When two points {ct,x) = {crcosh @, cr sinh@), (ct',5") = (cz cosh(@+ @), cr sinh(® + @) are on the simultaneous
reach line in the future.
Then
{ct’,x'}=(cr cosh (@@}, crsinh(@+6))
=cr{cosh® cosh® +sinh® sinh®’, cosh © sinh© " + sinh ®cosh®’)
=(ct cosh @ +x sinh &, ct sinh & +x cosh@').

(2) The case of two speeds % =tanh ©, % =tanh®', then the composition of these speeds is tanh{® +©), This

is the speed which corresponds to the sum of the are length.

{(QED.)

. .'Example 2 (Time dilation and Length contraction).

o The 4-dimensional velocity (proper physical quantity) is represented by the same peint in the Minkowski space

even if the component is changed by the Lorentz trangformation

o {i} The Lorentz transformation in the Minkowskl space Is represented as the point in the simultaneous surface

" in Figure 4.

x!

. 7 y
X simultageous reaphSurface

Then the point B {cto cosh ®,0) means the “time diiation.".
same distance

distance surface (x)°+ () +(2)"—(ct)?=1,
then we get 2¢de+2ydy+2zdz—2etdet = 0.
Therefore OC: LCE  {the orthcgonal)

and CiE || OA1 (the parallel).

We put the point Co (0,0},

and calculate the point £ (0, X )as

e, Yosinh © is the leaning tanh @,

fosinh? © _ v v %sinh?0 _ 1z
“cosh@ " F cosh®—-X " X=xcosh® cosh © G

Therefore the point £ is (0; C{);C?l@ ) Figure 4. Ao(cze,0),41 (crocosh®,crosinh ®),B (crncoshG,O),
Co (0, 20}3,C1 (xu sinh® ,xq cosh@],D {O,xo cosh® ) .

This means the “length contraction”.
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3. The application to the electromagnetic theory

The moving charge ¢ has an expression as a 4-dimensional matrix vector.

. L -|ar —[to - .
When its velocity is 2= (v, %, %), then 7= [ o ﬁ} = % [ u} . we call the g7 a the relativistic charge,

i;" = qr8 a stream charge and § “en bloc” which means all together.

' . . Har - . . N .
Its covariant vector is [ g B} . & pair of signatures “+" is the invariance of the Lorents transformation,

Example 3.
There are two charges ¢ at the origin and ¢ at the point {x,%,0) and the distance is [r|= /2*¥32 0 T igure 5.

1

+ + + £
{i) The potential of ¢ is [é CAJ = [7 } which is covariant vector.
- 0

" drey
The field is y
. 1
- . T8 - N - . &
E __1 laet % __a _|° .
E—icB Aren _0 0 dreor? “{x,¥,z)
ar L X7
The force at the point (x,,0) is
X
g |0 e T e o .
Fl 7 dweor® {x,%,0) 0  dmecr? {x,,00] ' Figure 5.
(i) When the two charges move ¥ = » (v, 6,0) in Figure 6,
gy + ¥y
Ty -
The potential is [ -‘CAJ = po— (_ arBe . 0) . g'p =——
¥ 1
& N p
The field is |~ >
¢ fleld is [ E—icB} x

d e 8 ey !
! "act " 5 ¥
= e (B @ 38 (9B )

(Yax yﬁ’%t’&y’&z) < r %0 Figure 6.

Where %«, % . and # have the same meaning as in the case (i),

a2\ i
_ 1 ( 7'8’396)(? )

dmeq _( @ 8 3\ ar
Yox dy’dz J\ ¥

G
T dmeor® [ (x,yy-f—i?ﬂxz,yz-—iy,&y)}

._':"Ez 1 |dct ¥
E—icB| 47s0 __(ii 3) _(@_’0,0)

The force at the point (%,%,0) is
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1 —pp BN _arke 0)
dmeo ( i )( r ,
. d & 3 qrix
ey 9,0
+1(78x’3y’c'lzx( 7 ”))
“TyBeqyx * [ orevB.x +
1 r ok 7
= ireo vare qry qre 4o _1BeayBix arBez _avB.y )
#3 :?' #3 e s #3 #3

+

g

.
0
T ameer? [ (e yy y2)—ir8a (0.~ iz, Iy )} '

{Cf. when the charge “en bloc” 7= W[W o ,8}_ is back building then the fleld is

+

I a ~+Trq

¥

e T ¢ o e
f|  dwen? {7y, —1rBey) {g78:,0,0)

g |arBex

T (qrery-ay—vBey qvBe,—iyBey-qy+ivy-q'78s)

__ag (B )

- dreor® (3,00
Theorem 2.

o o Jo . ,UOIdX‘I!dx’

The force fr = —#04‘;7‘2] by the stream charge is the same type F- == between two parallel
currents [ and I'in the conductor.

{Proof)

We take the current I (coulomb/sec) in two conductors with distance “*”. There is moving charges density

04 (cotlomhb/m) in these conductors, When this speed is # (m/sec), the current is 7= ¢¥ (coulomb/sec) and the

stream charge is %:'pquyﬁ’ {coulomb).
For simplicity, we assume ihat the charge ¢ = p«d¥ and its speed are homogeneous.

By the above case (i), Exampie 3.
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The field generated by the moving charge is devided into two parts

| E ’ +- E *
E—icB E-—icB

@) (8.

+

T E

E—icB}

)

{1} The part of the field for the relativistic charge g7 (= pqrdx)

- E" + _ qy - ?’ﬂxff -
E—icB dmeor® oy 2)|

{ar)

v

= —_ __ar
B = e Bt E= s ,3,2) and oB = T—(0,0,0).

Then the force to the relativistic charge 47" at the point {%,%,0) is
A I _qq'ry’ - v8.%
b

Axegr?

(wx,y,O)J '

Thus the force to the stream charge 478 at the peint (x,%,0)is

Harg'v')

+

T g [ |
fj(wq‘rﬂ)ﬁ 4ot (r8:2,0,0) | ~

(2) The part of the field for the stream charge g78 (= perBdx =‘%)

& arfs [T - 1
. = 3 ; : »Eoflo = —
E-icB dmeor (—7Bux,iz,—1v) c
(gv8)
. oI +
_cofe |T7% ‘ 1 _ e
4arr® —(rﬁxx,gg)—l(o,—z,y} Tdxey 4w
_ CHofe _ CHofr _ Citafe
E: = 13 T E= yPo (—78,0,0) and cB =
generated by the current, that is,

2

—Citho SRR i b r
cB= Ay ParBac{0,—z,y)= pps 0978 (d5,0,0) % (0,2) = pra e

Then the force to the relativistic charge ¢'v" at the point (x,%0) is

_[f* T aars ‘PV" }
=447 By ~ P
f,(wﬂ.q'r') dreor (—7Ba2,0,~iy )

Thus the foree to the stream charge ¢'v# at the point (x,%, 0} is

T _GaTB — B g’ | vBex
fj(tmq‘rﬁ‘) dreor? {~72,~,0) dar’ (=30
Therefore the force to the y-direction is £ = — "“;{;g” V% = (4=,

Thus f = — #Z‘ﬁr‘f

. Y262 =sinh?@® = 4sinh? %coshz % = 4 sinh? %1+ 4 sinht %

P {0—zy) , the latter is similar to a magnetic field which is

{QED)
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Corollary.

We take account of the effect from the relativistic charge which generate the force of repulsion. Then the

force is decreased by the amount 4 sinh* %

o
-:.jthenq:[ (

ﬂz[w (qrﬁx,o.e)]i_i[q (0,0,0)]72 [W—l) (qrﬁ’nﬂso)}_.

"Than its potential of the covariant vector is [¢ CA] -1 7

{Proof)

When the energy pours into the conductor and moves the charge ¢,

J—changes to [qy (

0,0,0 478:,0,0)

Therefore, the 4-dimensional charge in the conductor is

+

glr—1)

dreg _ ( fl?;’ﬂr 0, 0)

: TR *
Thus by the (1) and (2), Theorem 2. The field is { ’ E_icB] :

- + - +
0 g o
(x,7v+iyBez, v2—irB:y}|  dweor? (x,% 2)

o .
(0,(r1)y+irﬁxz,(r1)Z~i7ﬁ’xy)}
o .
(Ox (Y"I)y, (T_I)Z)_ irBr (O,QZ,y ) '
E =S 0.ty 1)3,(y—1)2) and B =LY (0, ).

L cuggs v Clisfs
= —= V=7
L 4x / (x?+y2)3  2nr 4

Moreover, the force between two infinitesimal conductors with distance ¥ =7 is
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[ﬁ sz

where 2{y—1) =2(cosh®—1)=4siah*2, (Cf Theorem 2).

Conclusion |

The authors propose a new idea“en bloc” which is a component of the moving charge or particle in the Minkowski
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B (y = )8y +ily = 1)78sy )

_ cusgy’ |0 )
T gy [ (0,2(7’—1},0)} ’

o
2 E

space by the Lorentz transformation.

This notation is very helpful for getting our ideas in shape. The following conclusions are drawn:

{1) We can describe the some event in any coordinate system on the Minkowski space.

cog [0 e r-1)
drr? (Os(yil)yr_i?”gx-y) (q")’[gx,o, 0)
—_ (} -
_ Ciogq’ {0
daey (=109 —yBerfsy

{2). We clarify the relation between stream charge and current.
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