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Abstract

In this paper, we discuss the time compenent E; of an electric field derived in a previous
paper" and the force caused by it.

Contents:

In §1 we review a traditional Coulomb’s law, Ampere's law and Biot-Savart’s law and
study their examples.

In § 2 we study the 4-dimensional force which act on the moving electric charge in the
electromagnetic field.

In § 3 we find a force induced by the time component E. of the electricfield.

In § 4 we rewrite the Lorentz transformation by the matrix SL (2, €) in the general case.

§1 Force and field caused by a charge and a current

In this section, we review two traditional laws in electromagnetism.

(Case A-Coulomb’s law)
The force # on an electric charge q' caused by an another electric charge q the distance ¥ away is
given by

{by experience). oy
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We usually interpret this force as a result of the electricfield E caused by the charge q ,ie,

f=qE,
and
q I~
E=———"_— — {newton/coulomb)
4 e, r? r
where €, =8.854 x 1071? (coulomb?/meter*-newton).

Moreover this electricfield E is represented as E=—grad ¢ by a scalar potential ¢ of a charge q ,ie.,

_ {7 __ " q n q
$= fm Eds= fm dmepr? dr= 47y
When the charge density p is distributed continuously, the potential is

b [ L

475'.'50

and the electricfield is

1 r
E:—g‘rad q5: I%Tdv

4reqy

{example 1}
In the case A, when two charges g, q" have a same charge one coulomb and the distance is one meter
then the force is
¥ =¥:9.0 » 107 {newton).
4mey
This intensity is very strong compared with that of the gravitational force.

(Case B - Ampere’s law}
The force on a current I' caused by an another current I the distance & away is given by

1 I'dexIdsxIr . |
yp "’ J’ — (by experience) I d‘s‘;

= ,_.’i: d 1
£ oS S

We usually interpret this force as a result of the magneticfield B induced by the current I ie,

=7 Tds'«B
and
:~f—" f hdsriflr(weber/merter?)
T

where g, =1.257 X 107¢ {weber/ampere-meter)
Moreover this magneticfield B is represented as B=rot A by a vector potential A of a current 1, i.e.,

i Ids
A= 4 j r
Specially, a vectar poteitial of an infinitesimal current element I ds is

da—_fo Ids

i T
and the magnetic field is ‘

dB=-42_ I——di?i (Biot-Savart’s law).

dx T

Therefore a force on an individual moving charge q° which speed is v in a magnetic field dB is
df=q'vxdB where g'v=1I"' ds".
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(example 2)
The action and reaction forces between two infinitesimal current elements are as follows :
The action force df is

) I'ds'xIdsxIr
df = 4 r?

__mw  Wdshld9) W | 4 (T ds-)Dds
ir IS 7 T

and the reaction force dF’ is

e IdsxDds'xIr

dfFr=- i r*

_#  Ads'ldsh I 0 (Idsew)Dds
4 £ [ P

Above two force df and— ¢ ' are not the same by the underlined part, this result contradicts the
law of action and reaction but when we integrate the force on the whole line,
o f Ids«t)Ids 4 Ids
iz r? Y
=1

f grad %- I ds

hold.
We can revive the law of action and reaction in this example by introducing a time component E, of
a electric field in the § 3 .

§2 4-dimensional force and the moving charge

We define a 4-dimensional force F as
Fi=d’mgyet/d%cr
Fy=d®myx/d%cr
Fy=d’m,y/d*cr
F, =d*myz/d’cr
where m, iz a rest mass, = is a proper time.

Proposition 3.
A 4-dimensional force Fona moving electric charge q in the electromagnetic field E and B is as
follows :
F, =j+E {variation rate of energy)
F =j;E+ixB (Lorentz force)
where j, =qy, i=qyu/c and u is the velocity of charge q.

Proof
The force between two standing charges g, q’ is as follows:
The electric field is

E- 1 a Kr q iy
dx € T X x
and E induce the force to the electric charge g' d
daq ¥
F:—-— — = L4
4me,r® r TE

as shown in § 1, case A.
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We ohserve this situation on the moving coordinate with speed —u, in the x-direction, then by the
proposition 4 below, the 4-dimensional force F~* and the electromagnetic field E-4, B™" on this coordinate
are as follows :

(4-dimensional force)

Fo ' =qExyus/c
Fyt=qEy

F, = q’Ey
F,™=qkE,

F»

and
(electromagnetic field)
Eiv=Ex B, ¢=0
Ev : E,'=E,» B™: B, '=—E;yu/c.
E.M=E.y B, V= Eyyu/c
On the other hand, this force F~* which acts on the moving charge g with speed u, is caused by the above
field E-" and B™Y, ie.,
By the Coulomb’s law, the force on the charge part j,"=q'r in the field E™¥, B™" is
F.(j,") = 0 (no variation of energy)
Fi Fylio) = jo"+Ex (o, 32 o™, i)
07 Byt = i By T
Fojo) = jo*Ezy
and by the Ampere’s law, the force on the current part j' =q'ru,/c in the field E™, B™ is
F.lix’)) = (unknown quantity)
Roo o
sUx) = —ix"Eyis
F.(:) = —Jx’*Eaix -
Therefore we compare the force FY with the sum F(j,") + F(’} of two forces on a charge part j,’ and
a current part j.’ then
Fi(l) = ¢Exyu/e=j'Ex .
In general, when a charge moves for an arbitrary direction
F.G) = y-E where " + " is a scalar product
helds. q.e.d.

Propositicn 4.
When a coordinate mave with pneed u, for x-direction, a 4-dimensional force and electromagnetic
field are transformed by Lorentz transformation as follows ;
(a 4-dimenstonal force)
FY o= Y(Ft_uxf’C'F&)

Fr - qu = 'J"(Fx"'ux/c'Ft)
- F,* = F,
F,'* = F,

and
{a electromagnetic field)
E,*—iB:* = E;—iBs
Ev—iBt: E,*—iB,* = y(E,—iB,) — iyus/c-(E.—iB,)
E."—iB;* = y(E,—iB;) + iviy/c+(E,—iB,)
More general case and its representation by the matrix 5SL(2, €©) is discussed in § 4.
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§3 A force induced by the time-component E; of a elecrie field

We consider the situation where the charge density p(x,v,z) and charge velocity u(x,y,z) at each point
are time independent ,.e., stationary current: gp/2t=0, div I=0.

definition 5.
A electric charge and current is a 4-dimensional vector, and therefore the electric charge and
current density is as follows:
plxyz) = p, v and l(x,y,2) = @ yu/c
= pu/c
where p, 1s a rest charge and ¢ is a velocity of light.
We define a potential and a field as follows:

A scalar potential is

$= ! f%dv.

4 7e,
and it induces the electric field E
1 p_ I r
 drme, j ror dv.
A vector potential is X
1 I .
A— ( — dv (correspond to ¢A in § 1, case B)
dze, . r
and it induces magnetic field B and a new field E, which is a time component of a electric field.
B=rot A
1 j L><~~|[~ dv (correspond to ¢B in § 1, case B)
T dre, rror P ¢ ' €
E,=div A
1 j I g
T 4ze, ® T dv

where "X and " - ¥ mean a vector product and a scalar product respectively.

Theorem 6.
The 4-dimensional force on a moving charge q with speed u in the field E,, E, B is
Fi= joE+i-E
F=jE+E+jxB
where the underlined parts are new terms and j, = qv, ] = gyu/c.
And this force is a real part of a complex force (F,, F) as
[Fl:joEm-Efﬂ
E =jE+jE+ixB—if,B—jxE)
where the underlined parts are imaginary ones.
and this force is represented by a matrix form as follows :

Ft+Fx Fy+in Et+(Ex_le) (Ey_lBy)+1{Ez_Bz)] jo+jx 3)"'”1

Fy‘*iF‘z FL*FX (Ey*IBy}fl(Ez*'Bz) El_(Ex—in) Jy_Uz ju_jx
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Proof
We calculate a 4-dimensional action and reaction force between a infinitesimal current element {j., i)
and (', 1"

(Case A) the force between a charge part jo of (jo, j) and a infinitesimal current element j,’, j’).

The field induced by a charge part j, is

B i o Ir Io Go', 1
T e, ® ! r ol
where j,=qy
Therefore the force on (o, ) is jo'=q'»" and j’ =g’y'u’/c
F,=y+«E

F =j,’E.
On the other hand, a charge part j, receives the reaction force (—F,, —F) and this force is represented
by a field E’, B, E; as follows :

—Fy=j.E¢’
—-F =},E
where
1 oo 1 i’ r 1 o
E=m—— — DPB=— = 7 T=— —_—
dme, rr r , imre, r° r o, E {me, ¥ or

is induced by a infinitesimal current element (j,’, i’).
Because the reaction force on a charge part j, from a field E’, B, E" is
- F[ = _j WE

=-i ( 4;;0 i(;ﬁ Tlr)

=l (— 4.;&0 1]‘,2 ’ I:)

=jo B’

—F=—j,E
=i ( 4;‘, % +)
i (e E )
= joE

(Case B) the force between a infinitesimal current element (j,, j} and charge part j,".
We get a same result as case A

(Case C) the force between two current parts j oa (ja, i) and §' of (o, j).
The fields induced by a current part j are
o4 " I
d7e, r¢ ro, r
and where j=qyu/c and j'=q'y'v'/c
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1§

E. =

T dze, © Tt ,
Therefore the force on j received from a field B, E, is
F, = 0 (no variation of energy)
F = F(B) + F(E)
and F(B) is the force from B
F (B)=j7xB

1l
e
.
i*:,
I~

X

and F(E,) is the force from E,
F (E:})= (unknown quantity).
On the other hand, a current j is received the reaction force (—F . —F) from fields B, E;’ induced by a
current part j’, i.e.,
1§ 1 g
dme, r? r 4me, r

then
—F, =0
—F =F(B") + FE"
and F(B’} is the force from B’
F{B)=ixB
R 1 j o
= (e ) TR
and F(E." is the force from E;’
F (E')= {unknown quantity).
Therefore we compar an action force F(B)+F(E,) with a reaction force F(B)+F(E,", then we get
F (E)=j+E: and F(E;") =j+E/
because the underlined parts are the same.
This means that j in a field B, E, is received the force FG) = ¥ xB+J'E, .

q.ed.

{example 7.)
We calculate the action and reaction forces between two infinitesimal current elements as follows :
The fields induced by the element (j,, j) are

1 o IF

E= Tre 1, (JmJ}|—“:-->'|Uo,J)
1 j Ir 1 i or
B= 47e, r? XT and Eo= 4e, 7y s

Therefore the action force is
Fo :jn’Et"'j"E
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. P . 1
5 (e ) o (ke B )

F=i,'E+/E+j'xB

/1 g N 1 i N 1 i
=le (47:50 P or ) +] ( drze, r? T ) X ( 4re, r? . r )
U S N S S N U R T
T Age, rroor * ( 4xme, r? r) 4 e, rr or ( e, r? r) !
And the reaction force is
E=j. Ec+j-E

=k (_4;., izr) o (4;:&, Jrz é) ,

Fr=j,E+iE’+ixB
ST SR SIS S U o SR S LAY S LA
dwe, T4 T 4 e, 2 or dre, rr r dze, rr or

Therefore the reaction force is an opposed direction of action one.

§4 A general form of the Lorentz transformation and a its matrix form

A Lorentz transformation to a moving coordinate with speed u = uy for the x-direction is

ct'=y (ct-gx)
xX'=vy (x-fBct)
v,z =V, 2 where f=1,/c
We calculate a Lorentz transformation in a general case , i.e., the direction cosine of moving coordinate

is (A, B, C).
Then
ct'=yct — yBAx — 8By — y8Cz
x'=—yfAct+(yA’+ B+ CHx+(yAD + BE + CF)y+(yAG + BH + C)z
y'=—98Dct+(yDA + EB + FCx +(vD*+ E*+ Fiy+(yDG + EH + F)z
z'= — yAGct+{yGF + HB + [C)x+(¥GD + HE + [Fy+(yG*+ H*4+ 19z
A4+ B4+ =1, DE+E2F2=1, GE+H:+ =1

where
AD+BE+CF=0, AG+BH+{I=0, DG+EH+FI=0

Proposition 8.
The Lorentz translation to the moving coordinate with direction cosine (A, B, C) is

ct=yct — yBAx -~ 8By ~— y8Cz
= —yfAct+ (1 +{y —DAYx+(y — DABy+(y — 1CAz
y'=—yfBct+(y — DLABx+{l+(y—DBY+(y — 1)BCz
z'=—yACct+{y — DACx+(y — DBCy+(1+(y— 1C%z
and its matrix form is
v.—y A —y (B+iC)

ct'+x' y+iz ct+x y—Hz]

vo—y-A  —y(B+iC) ]

y—iz' ct'—x —y(B—i() v+ A y—iz ct—x —y_(B—i() ety A

where
v =y +1/2)%, y_=({y—-1)/2)12
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Proof

Let

ct'+x° y’Jriz’J [a h [ct+x v+iz

b d/,

( Zet'={lal®*+|b|*+ |c[*+[d]®) ct+{|a]*~ [b|*+|c|*~ |d|D) x
+(ha+ab+dc+cdyy—itha—ab+dc—cd)z
2x'={|a*+[b[*—[c[*— [d]") ct+{|a|*— [b[*—[c|?+ |d]?) x
+(ba+ab—dc—cd) y—ilba—ab—dc+cd) z
2y’ =(ac+bd+ca+db) ct+(ad’—bd’+ca’—db) x
+(bc+ad+da+ca) y—i (be—ad+da—ca) z
Ziz'=(ac+bd—ca—db)ct+(ac—bd—ca-+db) x
+{bc+ad—da—ca) y—i (bc—ad~da+ca) z

y—iz' ¢t’'—x’ c d y—iz ct—x
and we compare the components in the both side.

then

Therefore we decided the components a, b, ¢, d, as follows :
la|*+[b|*+[e|*+{d|*=2y

lal?—|b[*+ [c|*—|d|*=—2y8A

ba+ab+dc +cd =—28B

ba—ab—dc—cd =—2iyaC

lal®+ |b[*—|c|*~|d|*=—2y8A
|a]®—[b|*—[c|*+[|d[*=2(yA*+ B*+C?)
ba+ab—dc—cd =2(yAD+BE+CF)
ba—ab—dc+ed =2i{yAG+BH4CD

ac+bd+ca+db=—248D
ac—hd+ca—dbh=2(yDA+EB+FC)
bc+ad+da+ca=2(yD?+ E2 4+ F3)
bc—ad+da—ca=2i(yDG+EH+FD)

ac+hd—ca—db=—-2y8G
ac—bd—ca+db=2(yGA+HB+IC)
bc+ad—da—ca=2(yGD+HE+1F)
bc—ad—da +ca=2i{yG*+ H?+12)

then
2|alP=y—2¢yBA+(yA*+ B +C?)
2|bj?=y—(yA*+B24+C%
Zle|P=y—{yA*+B*+(C?)
2|d|2=y 4 2¢BA+ (yA*+B?+C?)

Specially, when the components a, d is real and b = ¢,

65
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a=(ly+1)/2"" =y —1)/2)A
b=~{y—1)/2)"*(B+iC)
c=—{ly~1)/2)"*(B~iC)
d=({r+1/2P*+{(y—1)/2)"°A

hold. qed.

Corollary 9.4
Let y, =((y+1)/2", y-=({y —1)/2)"*,then

the Lorentz transformation of the differential matrix is

a/act’+a/ox’ B/ay +ig/oz

a/8y'—ia/az a/act’'—a/ax’

v +y-A v (B+i0) g/act’+3/3x’ B8/9y'+id/azr vty A  (B+IC)

y{B—iC) y —y A a/oy’—~ia/az’ 38/8ct’—a/ax’
And Lorentz transformation of the charge matrix is
jo i 3 i

y-{B—iC) y—yA

j.‘r" "_ijz' jo'_jx'
7+ —y-A —y(B+iC)

[ju’+jx, jy1+i]’z’ [ '}’+7')LA 77,~(B+1C)

_?~{B_1C) 7’++’y‘-A jy,_ijz' jo’_jx, _y-(B_]C) Y++Y-A
And Lorentz transformation of potential matrix is

Verd' +Ad Ay HIAY

A, —iA, l/ce¢'—A,

—vA —y(B+iC) m—y-A  —y (B+i()

[lfc-¢’+Ax’ Ay +iAy }

-y-B—iC) yt+y—A Ay —iAY Tje g’ — AL
And Lorentz transformation of the field matrix and components are
{ (B —iBN+(E—1B,) (B, —iBy ) +i(E,’—iB,’)

—v(B—-iC}  y+yA

(Ey' _iBy,)_i(Ez,_iBz,) (Et"‘iBt,)_(Ex"“in’)

vi—y-A -y—(B+iC) [(Et—iBt)-F(Ex—in) (Ey—iB)+i(E, —iB,) | e+ A y_(BHC)l

~y-(B—iC} y+y A {E, —iB,)—i(E; —iB,) (Ei—iB}—(E.—iB,) 7. (B—iC) »—y.A
e,

E;/=E,

Ev= (y —ly — DAJYE—((y — DAB +iygQOE, —{(y — DAC + i¥gBJE,

E,/=—({y— DAB— ipO)E,+{y —(y — 1BHE,—((y — IBC + ivBAE,

E=—((y - DAC — iyBB)E,— ((y —~ B}~ iy@A)E, +{y ~(y -~ 1COIE,

where E,=E,+iB,, E,=E,+iB,, E;,=E,+iB,, E,=E, +i1B,,

And Lorentz transformation of the force matrix and components are

F/+F, Fy+iF;

F,—iF, F/—F¢
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yo—y. A —y(B+iC) Fr+Fy  F,+iFy [ ey A —y (B+i0)

_Yw(B—'IC) ')’++7—A F,/—iF; F’—F. —y{B—-iC) T++?‘""A

Je.,
Fe= ')/Ft_?’ﬂAFx_'}’ﬁBFy_‘?ﬂCFz
Fo'=—yAR+(1+(y—DAF+(y — DABF,+(y — 1CAF,
Fy'=—y8BF:+(y — DABF.+(1 +(y — IBYF,—(y — 1BCF,
Fr=-y8CF+{y — DACF:—(y — DBCF,+( +(y — LCYF,

Proof

then

then

We define the electromagnetic field of matrix type as
(E.—iBJ+(E.—iB.}  (E,—iB,)+iE,—iB,} ]

(E, —iBy}—i(E;—iB;) (E,—iBy—(Ex—iB,) -
3/act—a/ax —o/9y—id/oz [l/c-qS—Ax “A,—iA,

—9/9y+id/oz 9/8ct+a/ox ~Ay+iA; l/c-¢+ Ay

(E;—iB ) +H{E, —iBy)  (E,"—iB,)+i(E,"—iB;")

(Ey'—iBy}—i(E,"—iB,;")  (E/—iB)—(E, —iB,)

vi—v-A — v (B+iC) [ 3/9ct—a/9x —-3/3y—id/oz yvi—y A —y (B4iC)

—y{B—iC)  y+yA -9/av+ia/az 8/8ct+5/9x
vetr-A v (B+iC) {l/cwﬁAX -Ay—iA,

—y(B—iC) gy +yA
e+ Ay (B+I0)

-AL+iA, 1/c-d+ A, yAB—iC) »,—+ A
(E,—iB)+{Ex—iBy) (E,—iB,)+i{(E;—iB;) Yot A (BHIO

y{B—ic) y—»A
¥ —v-A  —p(B+iC)

-y (B—iC}  w+y A (E,—iB,)—i{E,—iB,) (E,—-iB)—(E,—iB,)
We define the 4-dimensional force of matrix type as
F,+F, F,+iF;

yAB=iC) » —y A

F,—iA, F,—T;
(Et_iBt)+(Ex"in) (Ey_iBy)‘}‘i(Ez‘_iBz) ] [jo+jx jy +ijz

(Ey_lBy)_l(Ez_le] (Et_lBt)_[Ex_le} }y_llz jo—jx '

F,+F, F,+iF;’

Fy—iF) Fo—Fy

¥—v-A -y (B+iC) vetr-A y (B+IC

{(Et_iBt)'I'(Ex_in) (E;,—iBy) +i{(E; —iB.)

—y-(B-iC)  ptyA (£, —iB,)—i(E,—iB,) (E.—iB)—-(Ex—iBy) - ' (B—i0) y—y A
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7+7'}LA 7’)L(B+1C) (ju+jx ]x+l]z ¥+ 77—‘A 77(B+1C]

-
—

—y{B—iC) Yoty A
vo— A —p(B+iC)

— 3 {B—iC) vty A
—yA —y(B+i() ]

jy_ijz ju —jx
Fa,+Fx' Fy'+in, ]

Il
—

—y.(B-iC)  y+y.A F,—iF, F,—F, —y (B—iC)  ptyA

q.e.d.
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