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A Gauge Theory on the Anti-de Sitter Space”

Yoshio TAKEMOTO**

College of Liberal Arts & Sciences,
Nippon Bunri University

Abstract

We discuss the gauge theory on anti-de Sitter space which has the Levi-Civita connection.

In §1 we review and study a gauge transformation group on which preserves the Levi-Civita
connection.

In §2 we define the gauge field (i.e., geuge potential and field strength) and derivative
whose field has the space-component and a new (time-component) factor .

In §3 we lead the equation which is satisfied by the gauge field (c.f. Yang-Mills' theory)

In §4 we apply the theorem in the proceeding section to the gauge group sl(2, € ), and lead
the approximate form of Newton's equation of motion under the universal gravitation from the
gravitational potential .

§1. Introduction

We consider an extended Hoph fiber bundle®

X
S’(ﬂ:)—{ [ J eMz(E)szX|+|Yl=1}

Y
,ul/ T where |X|,|Y| are determinant of X and Y.
N

> 3 ) =57(€)/SL{z, C)

and another fiber bundle®which is constructed from view point of the group theory .
And we also call the latter an extended Hoph fiber bundle i.e.,
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Sp’(2, T) 50(2,3,@)
A

Q
’u”/ 7 ={locally)
SL{2, @) 0 ’

C'>8YTC)=5p’(2,C)/ [ ] 50(2,3,€£1/50(1,3,C)
0 SLiz €

{extended Hoph fiber bundle) {associated frame bundle}
where the fiber space Sp’(2, €) is

“ab N N ac
Sp'2,cy= { g£= [ ] c SL{4,C)/ gg=E } . g= [~ ]
cd b d

ab ab+c
~ B ) ab+cd=90
= {g [cd} ¢ 5L, @)/ |a|+|c|=1,;b|+|di—1}

and the projection 1s

ab .
n: [ J — u=bd'(=—a"'c) € C|ul*+—1}
cd
or
—»u=bld(=—ac ) =u? eCwlF—1)
and the structure group is SL(2, €) xSL({2,C).

Morerover the cross sections on €*{|u|*—1) and T*{Ju’|*—1)} are
(l+‘u|)f1f2E (1+|u|)—1izu
Ci(lul#=-1)3 u— g W)= [ . ]
{1+ jup) v (1) E
_(1+|u")-l|’2u’ (l_j’_]u’l)—leE'
CHu'|=—1)3u — u (W)=

a4+ ‘u’“—qu 1+ ‘u:|)—uzﬁ’
And the canenical connection A_, on ©*{|ul=—1}, A, on ¢*(|u’|# —1} are as follows:
Let

1 E u
g(u):#ﬂ(ll)=W [-{i E]
then
1 Imudu du
ol (5 )
1+ |ul ~du Im udu /-
Therefore
! [ Imudu 0 ]
A= N
1+ ful 0 Im udu

and for the g(u’) = g (U}, the connection is
B [ Imu'de 0§ }
1+ [ 0 Im u'du
Moreover these connections correspond to Levi-Civita connection on the associated frame bundle by the

A=

following locally isomerphism®
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PSS, T — 50(2,3,T)
and
SL(2, €} =x5L(2, ¢ - 50(1,3,¢)-
The transformation group Sp’(2,& ) which is called a gauge group on the above extended Hopf fiber
bundle preserve the canonical connection and therefore we consider the product bundle P=8*(€) xSp'(2, C)
and its adjeint bundle sp’ (2. € ), = PX.sp'(2, €) on $¢(g) whose fiber is the Lie algebra sp’(2, €) of the

Lie group 5p’(2,¢).i.e.,

A B .
sp'(2,€C)= { X= [ ] ¢ sl{4, €}/ X+X=0}
C D

A B
:{ X= { } esl(4,l:)/A,Drsl(2,ﬂ:)}
B D

and this Lie algebra corresponds to the Lie algebra so(2,3, €} of Lie group SO(2.3, €} .

Definition 1.
we define a conjugation "=" and a real part of SL(4,€) as follows :

Let

ah . 0 Ez
SLR(‘I.E) = { E= { ] € 5L(4,E)/'g'14'g:]4 } . L= [ ]
(Sp*(2, )% cd (real equation) -E. ©

ah tac="ca, bd=db y ‘(ac™) =ac ', {bd}) =hd"’
— { g= [ 1 e 8L, )/ _ } or ~ _
cd ‘ad—'cb=E, “ca"ly=ca',{db") =dh!

be a Lie subgroup of SL{4, ¢) and its Lie algebra is

AB 7
sle (4, ) = { X= [ ] e sl(4, @)/ ‘X-L+J4-X10}
(sp*(2, )™} CD (real equation)

A B
= { X= [ ] e sl(4,€)/ A = sl(2,c).B,C hermitian }

C-A
these Lie subgroup and Lie subalgebra correspond to the S0(2,4) and so(2,4) respectively under p.
Let the conjugation "=" be
AB -D ‘B
[ ] - [ C A J o Sl (4, I)
CD i A
then

[J[(A‘f)) +(B+'B) ]

HC+HC) +(D—'A)
[%(A+‘D) %(B—‘B)}

HC-C) HD+'A)

w (20) -3 (6] (23]

w (eo) = o) (20))

therefore the following relation holds
slid, ) = slx(4,€) + i-sle(4,C)
and this conjugation corresponds the usual one on the Lie algebra 50(2,4, €} .

o

We restrict SL{4, €) and sl(4, €) to the Lie subgroup Sp’{2, €} and Lie subalgebra sp’{2, ©)
Let
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Spe’(2, €y = Sp'{(2,C)NSLy4,C)

(Sp*e (2, €} (Sp*(2,CH
a b -
= {g: [ N ~] € SL(4,C),/'g-g=E}
7Lb la
and
spr (2.€) = sp(2,€)Nsk(4, @)
(sp™s (2, €)™ (sp™(2, @)

A B
= { X= [ _ } c sL(4,C)/A < sl(2 €), b hermitian }
B A

These Lie subgroup and Lie subalgebra correspond to the S0{2,3) and so(2,3) respectively under p
then the conjugation "="is

D B

AB B
[ } = [ ] onsp (2, C)
‘B D B <A

@ Law) ~F( [50) 77 (5]
m o)~ [50) 7))

therefore the following relation holds
spi2 ©) = spki2,C) + i-spr(2,C).

and

I

all

[vj—(A—‘D) +(B+'B) }

1B-B) $D—A)
$+(A+D) 4(B-'B)

a il

Il
P
“t
o
1t
=

H{D+'A)

§2 The additional and eorrected point concerning to the curvature tensor
Example 1. (the case of electromagnetic field)

Let A= $dt+A.dx +A,dy+A.dz ¢ u(l) be a connection from(i e, electromagnetic potential) on the
Minkowski space, then the curvature of A is as follows :
Three compenents of the electric field are

E.=-3A, —&4¢, E,=-3A,— 8¢, E.=-3A.—a¢
and three components of the magnetic field are

B, — 3A.— 8,4, By= 38A, —3A, B.— 8A— 3 A,

and we define a new factar” (i.e., a time-component of the electric and magnetic field) as
B= 391200 38t

B.=0.
Then we define a potential matix , a derivative matrix and a curvature matrix as follows :
[ A +A, A +HIA, ] [ a/ox'+a/axr a/ax*+ig/ox!
A= ., D=

A, —1A AL A, a/9x’—ia/ox! B/9x'—a8/ax’
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F=DA
E,+iBi+ (Ex+iBy) E,+iB, +i(E, +iB,}

E,+iB,—i(E;+iB;} E.+iB— (Ex+i1Byx)
where each A and T} is a cofactor matrix of A and D respectively,
In following example 2, example 3, A is a cofactor matrix of A, when we look upon the components A,
A, As A, (matrix) as a scalar

and each Re A = }(A—&-A) ,I?nA = Jz—(A—A) is a real part and imaginary part of A respectively with

respect to the conjugation 7 ="

Example 2. (the case of SL{(2, €})
Let A:é A (x)dx' ¢ sl(2, €) (where x'=t,x*=x x*=y, x*=z) be a connection form,

then the curvature form is
F(A)= dA++ [A - A]

:"lzﬂ %-1 F (%) dx'- dx!, Fy(x) =-Fyx)
W= 1%

where  Fiy(x) = a4, (x) —3A () + [Aix) A(x)] (i,i=1~4).
Let
E,=-F., E,=-F; E,=-F,
B = FIH, By: Fu, B:= Fau
and a new factor (a time-component of the curvature) is
Bim 8000 12800 £ BAL00 1A

131:0.
Then the curvature matrix is
F=DA~14 TA-A]
8 — B —aa—ia.] [ A —A, ~A3iA,] 1 { [A1+A2 AﬁiA,} [ A-A -Ag—ifh} }
2

&+is, o +a AR A, A4A, A;—iA, A A, -A+HiA, A+ A
where [A+-B] is means that the matrix product A-B and the bracket product between the compoment is
done at the same time

Jde,
[Al .Al] - [Az.AQ] - [A3 ,As] _[A-t.A-t] _[Al ,Aaj _i[Az,Ant] +[A3.A1] +i[A4.A2I
—[A A ]+ A A +i[AzAL] —i[A., Ad] —i[A, A *[Az.Aa]‘i‘[Aa.Az] +i[A4,A1] \
(AA] =

-TAL A —1[A2 AL [As, AT +iTAL AL TALA]-TAL AT [A A TAL AL |
Hi[ALL A+ AL A - [A A —I[A A ] +[ALAL] —[A; A ]—i[A A +Hi[AL AL

(A AT +i[AL AL
-TALA ]+ [As AL +i(-1A, A +i[A AL

-[Ay AT +Hi[AL A,
+it-[AL A FHI[AL A -[Ay A ] +Hi[As, AL
In Example 1 and 2, we use the conventional curvature and new factor. but in fellowing Example 3, we
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adopt the new definition involved the conjugate "=".

Example 3. (the case of the gauge group SP’(2, €C})

Let A = é Aj(x}rdx' ¢ sp’ (2, C){where X'=t x*=x x*=y x*=z)be a connection form.
=1
then the curvature matrix is defined by

F=DA+3 [A-A]

[ &3 asia] [ Ar—A, ‘Aa_iAd] ) [ [K.Jr?&z Kmﬁu] [ A-A, —Aa—iA.] }
= +— *

H H 2 = = = = _ 1
-8,+18, 8 +& -A AL A+A, A.—iA, A,—A, As+ids A+A,
where

(A, A~ (As, A —[Aa, Au)— [Ad,Ad -[A, A 1[Aq, A+ [Aa, A HITALL A

B —[A A H[ALA]+HI[AA—I[A, A —i[A AJ—[A: A+ (A A +i[A, A)]
[A-A)=

(A A (AL A+ A AT Hi[AG A [AL AT [As A —[As, Ad]—[Ad, A
“i[AL AT+ AL A —[As Azl —i[A A ] +[ALA][A, A d—i[A; AJ+i[A, Ay]
Definition 2.
Let
A, A' be a connection matrix,

We define the action of the covariant derivative D+ A on the affine space of connection as follows :
D+A)A=D+A)A+A-4)
= (D+AA+ (D+A) (A -A)
=(D+A)A+(D+A)B
where B=A"— & is a vector matrix (4-dimensional vector)
and

D+A) A=DA++ [A-A)=F(A)
O+A)B=DB+ [A-B].

Let A, be a connection matrix such that A, = A,

then
Ft: (D+A) A:
=(D+A)(A+A -4
=D+M A+ D+A A -A)
= DA+ [A-A)+D(A~A) + [A-A—A]
— DA+ [A-AJ)—+ [A-A]
and

&1 F=Da+ [A-&)] where e=3 | A

therefore
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T | F\F)=FDa+ [A-a])+Da+ [A-a

§3 The equation of the gauge group

Let YM(A)= ! tr(FF} dv be a Yang-Mills functional

then the following theorem holds

Theorem 3.
and we assume that @ has a compact support

Let & = di A,
t =0

then
YM(A,) = -—fTr («°DF(A) + DF(A)-a)dv

d

dt g

+f“’1“r(ti-a]-F(A)+F(A)- [A-2])dv

proof
YMAD
t=0

d
d
dL fMTr (FFodv

£=0
= Tr (DonLA'au }-F(A) +F(A) « Da+ “Aval)
Ao -Fay+Fa)-Dat [

=Tr [ Re(Da+ [A-

Ty fwln{e(a-DF(A) + DF(A)-a)dv

+Tr fmfié({i-&]-F(A)JrF(A)- [E alidv

~— | Tr{a+DF(A) + DF(A)-a)dv
+ fTr([K-&]-F(A)+F(A)- (A-2]dv

A-al))dv

I

Corollary 4.
0 is the condition of the Yang-Mills’ connection

DF(AY+ [AF(A)]=
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proof
Let &, DF, A (in Theorem 3) be

ata a,tie, DF,+DF, DF,+iDF, ActA, AL HIA;
e [ ] DF = [ } As [

ay—la; - on DF,—iDF, DF,—DF, A —iA;, A.—A,
where the component &, &y, 2y, &, DF DF, DF, DF. A. A, A, A: ¢ sp'(2, ©).
Then the first term in Theorem 3 is
a+:DF{A) + DF(A) - &
[ atax aytia, } [DFt-i—DFx DF, +iDF, ]

ay—la; @ — ay DF,—iDF, DF,—DF,
[DFL-Q-DF,‘ DF, +iDF, J [ o ta aytia ]
_+_

ay—la, o ay

DF,—iDF, DF,—DF,
Tr(a-DF(A) + DF(A) » a)

=2 Tr{{eDF,+DF»a&) + (ax*DF+DF;+ @,) + (@,*DF, + DF e, ) + (@« DF, +DF, e ) ).

And the second term in Theorem 3 is

(A7)

[Acal— (A al— (A, o]— (A, ] - [Aoa)—i (A al+ [Ay e+
- iﬁ[,a{x]‘F [Kx,a(]+i [E),QZJ_i [iz,ay] -1 [Et,a’z]_ [ix,ay:l+ [;—i,,afx]'i-i [
(A a)-i (A, @]+ (A, a)+i [A., &) [Aal— [Aaal— [(Ay,a]— [
i [Anal+ [Aga]— (A, al—i (A, a) + [Acad— [Ax.al—i [Av.al+i [

therefore

Tr[A-a] F(A)+FA) [A-a))

=2 Tr{([A,w]~ [Aval- [Ay al— (A, a])-F

+ Fe((Aal~ [Acal- [Ay,2]— [A, &)

+ [Anal+ [Agal+i [Ayal—i [As,a))(—F)
+(For(— [An,al+ [Acal+i (A, a)- i (A, &)
0 [Ana]— i [Agal+ [Ay,al+i (A, al)(—F)
+F)+(— [Ana]— i [Ava]+ [A,.al+ i [A, &)
+ (i [Anal— [Agal+ [Ay.al+ i [As, @]} (iFs)
+(iF) G (A wl+ [Aga]— Ay ad-i[Asall}.

The coefficient of m(i.e., ;sy=ay=a.=0) is as follows:
2 Tr (‘d(DFx - DF(Q’,

+[Ac alF 4+ A @]~ [Ay, alFy — Fx[Ax, o] = [Ay.a]Fy — Fy[A, a)—[As a]F, — F,[

And we calculate the coefficients of following a~as and @’~a’. as follows :

= |

w= i

Za

Zy

z,

Zy

& J

&)

a,]

iz ,C&]J
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Let
oy m3+iau} ths + Qs Q7 g
@ = -___‘_"5?_T_i_‘}’tt,,,,,d,_.’__‘”tz; ay it @l
- s+ Qs du+lau;§ e o't ia’
7 — iy — s — e | Gra — Lot - e
and
DF., DFy+DF. |DF+DFs DFy+iDFy
pF.= | DFe~iDEw DF,, | DFy —iDF,  DFy;—DFy,
-DF;+DF:s DFr+iDFy; i DF.,’ DF. +iDF..’
DF.; —iDFy -DF\y—DFy | DF —iDF,’ -DF.’
then
a.DF+DF e

2(e:DF; + asDF 5+ a0 DF
s DF s + e DFis + @ DF + a0 DF 1) E

+DFsatr + DFya + DF pary
+DF2 s+ DFgg "o + DF.. aw) E

therefore
2Tr (& DF. +DF,a:}

+ a2" D + s DF o + ' DF g E

{aDF s + asDFir + el DF s

+ e DF 4+ a0, DF i’ + s DF

+DF s+ DFaas + DF s
+DFsas’ +DFpavy’ + DF s ) E

2{— asDF 5 + a6 DF e+ a;DF 7 + 2sDF s

+ a2’ DF 1’ + 2 DF " + ' DFW Y E

=8 { . DF, + ﬂ'tsDFts + a’NDFM + atZ‘DFLZ’ + s 'DF "+ ﬂ’u'DFu

-2 (d'msDFts -~ a5 DFs — aDF; — d’wDFts) } .
Let

A An+ify As+As Antidg

An—iAy A | Ar—ify  Ai- A, .
I o R Wk - va - ey w1 AT I
An—iAs -As—Ai | A=A Ay
-An -A Ay §A|5+Am Ap—iAy
Ao A A Ag [ Ap+ifs A=A
As+As A A | CA —AL+iAL
An'f-i;\m ‘Am*Ata :_Als"‘i;kl-s Alz
Fi. Fu+iFy, ': Fis+Fi F,;+iFs
Fyy—iF -Fi; | Fo—iFy  Fius—Fy
A Sl R R S D U
Fi;—iFs -Fis—F | Fi'—iFW’ -Fi2’
then

Tr([Ay. ] Fi+F [A,&l) i=t,x,y,2)

=8(1AI3'“M +iAI4’a’t3 +Al5atS-Aisa!5_iA17ﬂ’ts_iA18WI7) Fu
+8(-1A ey — A @+ Biser +1Asae — Avars HiAae) Fis
"81(*Ajzgﬂ’ta+A|s'ﬂ’tz +iA15ﬂ’ta+A|sdt7“f§tlvﬂ’ra+i15lisats) Fi
—8{ (‘Alz’ﬂ’ta—gla‘&w+Al4'a’ra) - (a’mAm +t¥z3A11 - d’mﬁ&ta)
Jr(Alaﬂ’m,+Al7a’r3'_[‘-\|s€fu')_(‘dtsAtz*a’wAls‘i‘atsAu)) Fis

107
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+8((-Ay s +iAu as il ar) — (@A +iasAn +HadAs)
+ (Atsatz’——iAwaﬂ"'—iff—\.gam’) - (‘alEAIZ *id'wAu *id’tﬁla)) Fis
+8( (‘iAjz’ﬂ’ts _Alaya'ts 7“1]4’9'[6) - (’ia'tzAls +a't:!A15—ia'NAlﬁ)
+ (Aisﬂ’tay""igwau""iAiaﬂ’tzy) - (-atsAia +id’tsAu+id’taAlz)) Fi
—8i((~A ar + Ay we+iAL o) — (@B~ ae A HiaAss)
+ (iglsﬂ‘u“i‘[\mﬂla’—Al?mz’) - (iﬂtsﬁu _atHAIS +Q‘t?A|z)) Fig
+38 ('AIS g +Aiaﬂ’t5 —iAnaw— iAIEa’t? +iA13ﬂ‘u'+iAua’ta,) .’
+8(-Aar+iAets+ Anas +iAsae —iApas —iAua,) Fiy’
*Si(*iﬁlsﬂtsﬂLAieﬂ’n—Alvﬂ’ta“iA1sﬂ’t5_Aizﬁ'ta’+Alsatz') Fuw’
=, (81 (—An'Fiu—A1 Fia) +8(ApFis—AFis+iAFu +1A,Fi))
+ ety (81 (-Ap'Flu— Ay 'Fr) +8{ApFis—1AuFis — AisFi — 1A Fi))
+ (81 (-Ai'Fis + A'Fi2) +8(— AuFis —iAnFie +HiAF s —AsFis))
+ans (8(-AeFiz— B Fig + ApFi) +8(— Ay Fio+ ApFie —Aup'Fir+ AnFu+ A Fia— ALF i)
+8(AF +ARF —ALFL)
+ s (8 (AF o 4+i1AFy+iAFi) +8 (Ai'Fis—AFis—iAFr —1AuFir—iA Fis—iAiF)
+8(—AF, +1A,Fi' +iAyFy)
+ oty (8 (-1AF i+ AsFi—iAF ) +8(AiFis— AuFis+1A1 Fis +1A1F s 1A, Fis +1ALFe)
+8(—iAFi —AiFi’ —iAFu’
+ e (3(-1AFie+1AFi+ AFr) +8(—AwFis - AuFis + A 'Flo HiARF . —iAF; —1ALF)
+8{—1ALFi +iAF’ —ALF,)
tay (8(-AsFis+AsFis+iAF +iAFie) 481 (ALFiu'+ALFy)
+ i (8(-ApFs—iAF e+ AsFr—1ALF,) —8i{(A,F +ALF")
+ an’ (8(AIBFEE_iAL7FI6+iAIGFi7+AlsFIE) —8i{AuF —ApFi).

Let &e=-1 and &=1(i=x,y,2z), then the follwing formulas hold , because the coefficients of &’s

is all zero,i,e.,
o - DFer"_Ey z2£1 {-i{AFr +AFa) + (AJGFEB_AHSFIG +iAF, +iAFe) )

[ DF3+1 E 251 {i(Alz!Fu +A14,F|2) + (AITFm"iAists*AmFI?7if1isF13)}

=tLxy,z

(277 DFJ+|£(E’Y:25| {‘1 (AI;FHE*AH,FLE) + (’AIBFLS—}‘-AI‘?FIS_FiAIEFW_AISFiE) }
A L 7DF5+L:‘%y 2 ] { (‘A15F[2_A11F13+A|3F14) + (*A|2’FIE+A|2F|5_A[3,F17 +AISF17 +AI4'F18_'AI4FIS)
o + (AwF +AGF —ARFu))

&g . DF€'+;=Ey , & 1 (Aﬁsz +iAF+iAsF0 + (Aiz'Fis—AizFls—iAu’Fw*iAqu*iAls,Fia —1A;,F)
ha + (A iAGF s AR |

[z L DF7 + th%y . & { (*iAisFm +A15F13 _iAisFM) + (A[g’Fjﬁ - A|3F|5 +iA|4,Fla +iAIdFIB+AI2'FIS+iALZFIB)
o + (_iAlaFlz,_AISFis,_iAlBFM') }

s - DFy +j=t§“ & {-iAFo+iAsF s+ AFu) + (-AFy + AP +iAFie+iAsFe—1A Fr-iALF )
' + (—iAnFlz‘+iﬁLmF|3’_A|5FI1’) }

@y DF2’+‘=EY 2251 {{-AFs + A Fie+iAFiy +iAgFe) +i(ALF +ALFL) )

as ; DF.' + [=[§y 22& {(-ApFis—iAeFis + A Fi,—1AF8) —i (AP + AR}
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ay’ DF4’+1=Ey z2=’5| { (A[BFIS_iAWFIG +iA15F|? +A15F|n) —1i (AlaFlz,“AIzFla')}

DF, 0 ~ A—A, -A,—iA, F+F. F,+iF,
{ DFJHQE{{ ][ ”:0
0 = f— p— = _- z - x
' -A,+iA,  A+A, Fy—iF, F—F
The coefficient of axli.e., &« = ay = a, =0) is as follows:
2 Tr{-aDF, —DF, a,
+ [Ay o] FtF: [Aa)— [Ax @] Fu=Fy [Ay a] +i[Ay e} Fy+iF, [A, ]
*i[}:\z,ax] Fz_in [Kz,ax])
therefore
DF, 0 -~ AR, -A,iA, F.+F, F,+iF,
[ DF Hm"[[ J[ H:"
0 X = = = = -1 z F _Fx -
-A,+iA, A +A, Fy—iF:
The coefficient of ax(i.e., & = ax = &, =0) is as follows:
2 Tr(— a,DF, DF,a,
+ [A,a) F+F [Aga]—ilAx %] Fx—iF [Asa]— [A,.a] F,—F, (A, a]
+i[A,, &] Fo+iF. [A,,a])
therefore
o DF, ~ A—A, -A,-iA, F.+F, F,+iF,
[DF ]Hmy[[ ]{ ]]:0
U = = e = —i z —Fx
' -A,+iA, A tA, Fy=if, T

The coefficient of e, (i.e., & = ax = @, =0) is as follows:

2 Tr{—a,DF,—DF,a;

+ [A,a0] Fo+F [Ac a]+i[Ax, ] Fe+iFx [Ax.a]—i[Ay, @] Fy—iF, [Ay @)

- [iz,az] Fz_Fz [Ez,az])
therefore

0 iDF, - A,—A, -A,-iA, F.+F, F,+iF,
-iDF, 0 ) i F,—iF, F.—F, R

The abave equation are in all

DF(A) + [A-F(A)]=0.
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this is the conditon of the Yang Mills’ connection.

§4 A example of gravitational field

Let (v v' v* v*)be the 4-dimensional velocity ,i.e.,
(der)?= (det)?— (dx) *— (dy) >~ (dz)?
and vi= det/der = cf (eF—uf) V¥,
vi= dx/dcr = x/{c?—u?)'?
= dy/der = yi/(cF—u?)?
3= dz/der = z/(c?—u?)'?

where = (%) ¥+ (vi) ¥4 (2 8.

b
v

When a particle has a velocity u = (%, ¥, 2) = (x.,0,0), the coordinate transformation in space-timeis

ct’ vict —v'x Vvt g0 ct
x' ~viet+vix | _ |- v Q0O X
vy - v 0 0 1 ¢ LA
z z 0o 0 0 1 z

and this is a Lorentz ( SO{1,3)- ) transformation (SPECIAL THEORY OF RELATIVITY) .

Therefore we look upon u= (x,,y:,2%) as a parameter of the Lorentz transformation L(u}. and when the
velocity change as the time going ( ACCELERATION) , we assign the different transformation L(x,,

We correspond this Lorentz group in space-time to the gauge subgroup in extended Hopf fiber bundle as
follows®:

The transformation SL{2, €) on M;(€)? is
ab X aX+bhY
s [cd] [Y] [cX+dY}'
The gauge group Sp(2, €) preserve the extended Hopf fiber bundle and acts on the base space such as
when|Y1+0
u=XY'- u={@X+b¥) (cX+d¥Y)!
= (au-+b) (cu+d) ',
a 0
Specially when the gauge subgroup SL(2, €}’ = { _ J ,ac SLe o
O ta—l
acts as the Lorentz transformation on the R (Minkowski space) ,i.e. ,
u — W= au(a-}-!

ct

ct+x y+iz
where we look upon u = [

] as the vector
y—1z Ct—x 2
By this 2-1 correspondence ¢: SL(2, €)' —>50(1,3)

+ L% v,z

, we denote the above gauge transformation as
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and we assign the gauge transformation L' (x.,y:,z.) at each point on }m of the particle.

{Does the gauge transformation SL(2, €)' generate the gravitation 7)
We assign the gauge transformation L'(x.,t:,z) on each point (ct,x v,z of space-time,
Thenthe potential is
A={L)'DL’
(L} -1 (e (L7}det + dy (LY dx+dy (LY dy +d, (L) d2)
= du (log L)det+d, {log Ly dx +d, (log L)dy+d. {log L) dz
therefore the curvature is
F=dA+ § [A . A] {-~ sl(2,€)" is a real under the conjugate "=")
=d((L) " {dec (L") . det+d (L) " H{dx (L)} . dx+d{(L) " (d, (L)) , dy +d (L} 7 {dz (L)) , dz
+ (LY {d (LN det +-dx (L) dx +dy (Lydy +d. (L) dz))
(L") 7 (da {L") det+ 0y (LY dx +-d, (I} dy +d, (L") dz)

=1
and the new factor of the curvature is
Eo= dog (L7 g (L)) 4 de (L) 1 (L)) +d, (L) dy (L)) +d: ((L7D 7'd2 (L)
= d.(log LY +d% (log L) +d% {log L) +d% {log L")
therefore when log L' is harmonic then the curvature matrix is zero,
This means that the gravitational field is free when we have any choice of the gauge group such that log I

is harmonic,

If we mention the other word , we must start from the potential and infinitesimal gauge transformation
in order to generate the "real” gravitational field.

We base upon above argument and introduce the potential of a particle with gravitational mass m; as

follows:
L 0{00 01,00 0 i{ 00
mg 0-1; 0 0 1 0: 0 0 -i 0 0 0 s
= |- by dx 4| e e s " S B Ao A s |
A=-3 e Bl B A B R E R B €slz.c)
00! 01 0 0!-1 0 0 00 i 0
and these coefficients of dx,dy dz correspond to the infinitesimal Lorentz transformation as
0,100 0i0 10 01001
2me 170 0 0| 2Me | 030 0 0 4 2M| 000 00D
r [0t 0 00| r 1:0 00 r |00 0 90
0! 0 00 0; 0 00 110 00
because the gravity of a particle carry the x-directional acceleration at the point which separate from the

particle to the x-direction and the same for the y,z-direction.
This potential does not satisfy the Yang-Mills’ equation (in Corollary 4).

a 0

Therefore we take the gauge subgroup SL(2, )" = [ ] ,a € SL(2,C) instead of SL(2, €)",

0 E
and it acts on the base space as a complexmm S0(1,3,C) on the ¢'° space ,i.e,,

¥

u — U= au
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Under the above consideration . we introduce the potential of a particle as follows:
A= 1/c¢ dct- Ay dx-Ay dy- A, dz

1 000 0 100 0 i 0 0
mg 0-110 0 10,00 i 0t 00
= B it B 4 - S I Rt prmmmmsn dy + | -------- A d < "
T oo | T o 0y T e | ¢ sl2, )
0 0! 0 0 0 010 0 0 06 0 0
and these coefficients of dx dy,dz correspond to the infinitesimal transformations on ¢ ** as
6i109 0io10 0001
Mo | 100 0 0| Mo | 0f 0 0] 9™ | 08010
r 100 0 i r [1i0 00 r | ol-i 00
0 0-1 0 gt i 00 1: 0 0 0

Then its curvature F is
E.— 9A,/3t 1/c+3¢/ax + +c+([$.A]— [A,8]) =0
E,= 8A,/at- 1/c+3¢/3y + +c ([$.A,]— [Ay,8]) =0
E.= 8A,/0t- 1/c-9¢/0z + 4o+ ([ .A]— [A.,¢]) =0

By=-9A,/0y+8A,/82 + +([A, Al — [A,.A])

0z-iyi 0 0
me |z+iy 0: 0 0

r? 0 00 0
P00

B,——9A,/0z+9A,/0x + +([A. A — [A, A

-z ix {0 0
_ mg | -ix oz 10 0
- r 6 00 0
0 0100

yoxi 00

M | Xy 00
r? 0 00 0

0 0100

and a new factor is
E. =8A,/9x+8A,/8v+38A,/3z + 1/cd¢/act

pdl
&

FL(ALAL- [RLA)- TALAL- [
X y+iz| 0 0

_ Mo |yizox 100
I O R R R
0 0i 00

The above curvature and a new factor satisfy the Yang-Mills' equation ,i.e_,
p= 8E./at+ (3E./9x+9E,/8y+ 8E./9z)

+ [ .El- [AEJ— [A,.E]- [A,E]
=0
iy, = (8E./et+8E,/ax)— (8B,/9z—9B.;/3y}



A Gauge Theory on the Anti-de Sitter Space 113

+ [¢.E]— [AE]- [A,,B.]+ [A:B,]
X*4+y'+zt xy+ixz-iz-yx | 0 0 1+141 0 {0 90
W | xy-lxztizeyx oxPxtzt 0 0 mMe | 0 -lnl-li 00
Tr 0 0 P00 r’ 0 0 100
0 0 P00 0 0 L0
=0
v = (8E,/8t+8E,/8y) —{&B./5x— 3B,/8z)
+ [$.E]+ [AB] [A, El- (A, B]
VX-XY Xiyz+yitzi-izy | 0 0 0 1+1+1{ 0 0
_ 3me | Xyztyity*tzitizy  cyxdxyd 00 yMe (14141 0 10 0
re 0 0 {00 re 0 0 00
0 0 10 0 0 0 00
=0
i» = (9E./8t+38E./9z) — (8B,/8y— 8B,/2x)
+ [$.E:}— [AxB,J+ [A;,B]— [A;E]
ZX-XZ zy+izf-yz+iy* +ixt | 0 0 0 i+i+i{ 0 0
~ 3o |zy-iztoyr-iyt-ix?  -zxtxz 0.0 ome |-i-idl 0 3 00
r* 0 0 00 r* 0 0 | 00
0 0 L0000 0 0 i 00
=0

o' =3B,/9x+8B,/8y+8B,/3z + [$,B]— [Ac,Bx]— [A,,B,]— [A,B,]=
Px=3B,/8t+ (3E,/8z- 8E,/ay) + [$.Be]— [Ax, B+ [Ay,E.]— [AsE]=0
i'y=8B,/at+ (8E./9x— 8E/02) + [@ .By)— [Ax Ei)— [Ay B+ [A. E=0

J's=8B,/at+ (8E,/9y— 8E,/8x) + [¢.B.]+ [A, E]— [A, E]- [A, B]=0.

Let (x°,x',x* x*) and g, be a generalized coordinates and its metric on the Minkowski space. and T
be a connection which is torsion free and compatible with the metric g then the covariant derivative
of the vector field {u®, u!,u? u?®) is

Viul=aul/ax! 4+ T, uk
moreover when the vector (u') is coincide with (dx!/ dcz) which is the velocity of a particle on the world
line.
Then
v ut=auY ax hdx! + TMpukedx! | 7 u'/der=0
therefore
du'/dcr = —TI,u'u
This is a equation of motion and the right hand side means 4-dimensional force.

We rewrite the above equation of motion by using of the normal vector (u’"} instead of (u'),
then

du'/der=—-T"uiu®, (170 = (ML), < s0il,3).
We notice that the electromagnetic field (curvature) generate a force and identify the curvature

GoE), 0o B TiB, £Ca By HiBy), £Go(l+iBy) as the connection (Mo, (M1 e, (Ml

and the vector (v') as (')

A P N
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For example, let

ve Ve
1 1
d 32 = -Gomg (¢ (E)det-o (B, +iBy)dx- o (E, +iB,)dy- o(E,+iB,)da) | 1,
v? w3
where G is a gravitational constant
sl‘e-n
v L0l x v 2z 010 -y LG
d | v :*Gmr. x‘ 0 iz -iz 050 y z 'dx+ —1z§ & -x
dt | v* I~ yi-iz 0 ix izi-y 00 dt D! x 0
vt z!| iy -ix 0 -iyl-z 0 0] ix: -z
_0idy -ix 0 v!
R 2 I
it 00 -y dt v
Then 0ix v o0 vt

(t-component)
dv'/dt = —Gmg-r? {(xvi+yvi+zv)c+ Jzvd —iyv) .+ (—izv? +ixv) y & {iyvi —-ixv®) z.}
ddt {c?/ (c*—u? '} =—Gmgcter S (xx +yyi +2z) / (P —u?) 2
—Gmgeer {{izy,—iyz) x + (—izx +ixz) i+ (Iyxe—ixy) ze }/ (€2 —u?) 12

%_Cz (W) ,/ (2 —u}¥? —Gmec?rr/ (c?—u?) 1z

+iGmger® {(yzi—zy) X+ (ZX —XZ) V. + (X — V2 2}/ (cF—uh) 2
{mu?), =2Gmm, (c*—u®) - (1/rh
(mu*), =2Gmmgc? (1/r); (when u € 0),
therefore

% mu?—Gmm;c?/r = constant

where m is a mass of another particle.
{x-component)
dv?/dt = —Gmg+r? {(xvi+izvi—iyvHc+ (v +zv)x + (—izv —xv?) v+ (iyv' —xvi) 2.}

d/dt {ex/ (€2 —u?)} = —Gmgr {xc*+ vy tzz) X —x (y) *—x (2 ?}/ (¢ —u?)
—iGmgc?sr3 {(zy.—¥z) — 2y +¥2}/ (c2—u?)!7?
CXe/ (=D V2 foxu (2 —u®) ¥ = —Gmgeer™® {xe?+ (VY +22) X — X (W= (%) ) j/ (e?—u?) V2
(e —u?)xy+xu = —Gmg(c?—u?)r? {xc?+ (XX +yy:+22) X —xué}

= —Gmg(c-u?) 2exr? — Gmg(c?—u?)xra?.
{y-component)
dvi/dt = —Gmgar™3 { (v ~izv?+ixv) e+ (izv' —yv) X+ (xv2+ zv) v+ (-ixv! —yviz,}

drdt {ey/ (@@—uP) ¥} = —Gmger® {yol+ Za+xx ) —y{x)  —v(z) H/ (cF—u¥) P
—iGmee?r™® {{—zx +xz) + 2%, — Xz }/ (*—u’)
oy /(2 —u) P keva/ (2 —u? ¥ = —Gmeeer™? {y&*+ {2z +xx) v —y (W — (y) B 3/ (P —uf) V2

(€ —u v +vik= —Gmg (c?—u?) or* {ye’+ (X% +yy +22) v —yu®}
= —Gmg(c?—u?) 2y ? — Gmg{c*—u)ya v,
(z —component)
dv*/dt = —=Gmgr7? {{zvi+iyv?—ixv®e+ (—iyv' —zv?) x + (Ixvi —zv®) y + (xvi 4+ yv®) 2. }
d/dt {ez./(c?—u?}'?} =—Gmger™ {zc®+ (KX Hyy) 2 —z (%) —2 (v ?}/ (F—u?}
—iGmgcr=* {(¥y&,—xy) —yXc+xy. }/{(c?—u?) 1"
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CZo/ (P — 1) ez / (2~ U3 = —~Gmgerr™ {Ze?+ (XX Fyy) Z =z (W — (2.)%) }/ {cF—u?) 12
(c®—ufzp +za = —Gmg (c®—u®) »17% {zc®+ (XX + YV +22,) 2, — 2%}
= —Gmg (e¥—u?)?ezr® — Gmg(c?*— v zr, r 2,
The x,y,z— component formulas are in all

mi{c?—u®) Xy +muxiy = —Gmmge {c?2—u?)2-xr® + Gmmg (c?—u?) x,1,r°?

mic*=ud)y, +muya, = —Gmung (e?—u?)?eyr?* + Gmmg (c*—u?) y,r,r?

m{c*—u®)zy +muzi, = —Gmmg (c2—u?)zr? + Gmmg (c*—u?) zrr?,
therefore

mi{c*—uH) o +muluy, = —Gmme (¢ —u®?Rr3 — Gmmg (c?—u®) Ur,r-¢

where « is an acceleration U is a velocity R is a position vector and each a,u,r is a length of
a U, R respectively,
This means that
mi{c*—ufla = —Gmmg (c?—u?}?-Rr? " @ = —Gmg (c?—u?)-Rr2
muu, = —Gmmg {(c*—u?) -1y S (u®),y = 2Gmg (e2—u?) « (1/1),.
hold by comparison with the coefficients of U and the equation of "t-component”.
Eventually, we cbtain the Newton's equation of metion and the conservation of energy under the universal
gravitation when the speed of another particle is very slow, i.e.,
when u « ¢, then

me = —Gmmee*-Rr®  and %mu’—G = constant.

We abbreviate the imaginary component in the first equation by the process of the above calculation.
therefore we obtain the approximate form of Newton's equation as follows :

vl vl | x vy z 0 0 00 00 00
vilolve| _-Gmg | | x| 0 0 0O 00y z 01 0-x 0
dlv || = vioo00 ey oo ¥ oixe ¥
v v zi 00 0 0i-z 0 0 0 0-z 0

00 0 0
00 0 x
Tlo 0 0-y| ¥
0/ x v 0
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