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Abatract

We introduce the fourth component of the electromagnetic field and make the correspon-
dence between the Maxwell’s equations and the wave equation without additional Lorentz
condition for scalar and vector potentials (§ 2 ). We rewrite the equations by the use of matrices
(§ 3). Then, we can complexify the potential and revive the symmetry between the electric and
the magnetic fields (§5). Moreover we show that the extended Maxwell’s equations can be
derived from a modified Yang-Mills functional (§4).

At last, we study the transformations of the matrices for the special theory of relativity (&
6).

§1 Introduction

As is well known the conventional Maxwell’s equations are as follows :
We take the light velocity ¢=1 for simplicity in the §1 ~§5,
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rot E+aB/at=0 (Farday's law of induction) (1. 1)
div B=0 {No magnetic charges) (1. 2)
div E=p (Gauss’ law) (1. 3)
rot B—3gE/at=) {Ampere’s law) (1. 4)

Fromeq. (1.2)  exists the vector potencial A which satisfies
B =rot A. {(1.5)
And from thiseq. {1.5) andeq. {1.1),
rot (E+aA/at}=10.
Therefore exists the scalar potencial ¢ which satisfies
E =—grad ¢ —35A/5t. (1.6)
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This electromagnetic field is invariant by the following gauge transformation
A=A —grad g,
d'=¢+ax/at,
(where y is an arbitrary continuously differentiable function) .

We substitute the eqs. (1.3} and (1.6) into the eqs. (1.3) and {1.4), then we get the following formula
3¢/ at*— Vi —a/at (div A+34/at) =p,

*A /3P — ¢ A +grad (div A +3g/3t)=J.

Moreover, in the above equations we add the following Lorentz condition

div A+ag/ot=0,
then we get the following wave equations

24 /3— Vg =p, (1. 7

A/ B—VEA=, (1. 8

§2 The modification of Maxwell’s equations

Here we say that we can remove the Lorentz condition by introducing the fourth compoenent E. of the
electric field for the electromagnetic theory and derive the wave equations (1.7,8) only from the resultant
Maxwell's equations even if the Lorentz condition is not satisfied.

Let the fourth component E, be

E.~div A+3¢/5t, (1. 6),

then we get the following modified Maxwell's equations

Theorem 1. (the medified Maxwell's equations)

rot E+aB/at=0 (1. 1)
div B=10 (1. 29
div E+8E,/at—p (1. 31
rot B—9oE/ot—grad E.= J (1, 4

(where the underlined parts are ones which are obtained from E )
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From eqs. {1.1) and (1.2} , exist the scalar and vector potential ¢, A, and

B=rat A, (1. 5)
E =—gradd — aA/ at, (1. 8)
hold.

This extended electromagnetic field is invariant by the following gauge transformation
A= A—grad g,

¢ =pTox/ot,
(where y is an arbitrary harmonic function) .

We substitute egs. (1.5) , (1.6} and (1.6}, into eqs. (1.3)" and (1.4}, then we get the following wave
equations

B}/ At — Tig=p, (1. 7)
RA/OE—VEA= ) (1. 8)

Moreover, we assume that the charge and current are null, then we get the wave equations of the electromag-
netic field as follows :
From eqs. (1,1) and (1.4}, we get

a2!B/at* =—rot 3E/ 5t
—rot{rot B —grad E,)
B (1. 9)

It

and from egs. (1,1} , (1.3)’and (1.4)’, we get

rot 8B/ dt—grad 3E./ 5t
= —rot rot E —grad aE,/at
= WVIE (1. 1

fl

8'E/at?

and from eqs. (1,1) and (1,3)’, we get
3*E./at? = —div 9E/ ot
= —div{rot B —grad E.)
T2E, (1. 10},

83 The matrix representation of the medified Maxwell’s equations.

We rewrite the modified Maxwell's equations by the matrices as follows :
Let the patential matrix be A, the field matrix F and the current matrix J .

ie.,



176 Yoshic TAKEMOTO

"=
1l

[ Ay vA,,*iAz] _[Et+iBt+Ex+in Ey+iBy+iE,~Bz]
—AytiA; ptA, /, E,+iB,—iE,+B, E+iB,—E;.—iB; -

— [ P ix _jy_ijz]
—ijy+ij, ptix i

—

(where A,, A,, A, and i, jy, J: are x, v, z-component of A and J respectively and B,=0) .

and let the differential operator matrices be D, D.

ie,

_ a/at+8a/8x a/ayﬂa/az] ﬁ:[ ?/8t—o/ox —a/oy—ia/ oz
aley—ia/ez o/at—a/ax ), —-a/av+iaiez  @8/et+a/ax /.,

then we get the following equations.

Proposition 2. {the modified Maxwell's equation in matrix form)}

J=D-F (The modified Maxwell’s equation) (1.1),¢1.2),¢1.3)and (1.4)
is the extended Maxwell’s equations, and exist a potential A, and

F=D+A& {The existence of a potential) (1.5),(1.6) and (1.6),
hold.

Moreover the wave equation of A s

T=D-.D+ A (The wave equation of A) (1.7) and (1.8}
and the wave equation of F (when T =10) is

0=0D D+ F (The wave equation of F) (1.9), (1.10) and (1.10),
Proof.

From the equation J =D + F, we may rewrite as

[ P ix —j,—ijz] _ [a/8t+8/8x 8/8y+i8/82] [Et+Ex+in E,+iB, +iE,—B,

—iyHij. ptix 3/oy—ia/oz o/st—8/dx

e,
p = 8E/8t+E,/6x+38E,/8y+3E,/9z =  divE+3E/8t=p

ix ={8B,/8z—B,/dy) — 8E,/at— aE./ax }
%

jy = {8B,/9x~B«/ 0z} — 3E,/ ot — 8E./ 8y
j. = (2B./2y—RB,/8x) - 3E,/8t— 3E./ 3z

rot B—-3E/at—grad E,=]

0= aB,/ox+aB,/ay+aB./oz = divB=0
0= aB,/at+(8E,/8z— oE,/3y)
0= 3B,/at+(8E,/8x—9E,/3z) } = rot E+3B/at=10

0= 8B,/at+ (8E,/ov—8E,/ax}

E,+iB, —iE. +B, E.—E,—iB,

(1.3)

(1.2}

(1.1)
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and from the equation F = D + A, we may rewrite as

E,+iB,+E,+iB, Ey-i-iBy-i-iEz—B;]:[ d/ot—a/ox *afay*iafaz] [ d—A, —A,—iA,
E, +iB,—iE,+B, E,+iB,+E.—iB« —ad/ay+ia/ez  a/8t+o/ax —A A, $TA,

e,

E.= ag/ottaA/ax+aA,/ov+0A./9z = E= a¢/ot+div A (1. 6),
E,=—9A./ot—a¢/ax

E,——aA,/at*aqs/ay} = E=-—grad¢—aA/5t (1. 6)
E.=—98A./ot— 24/ az

B= 0

B.=8A,/az—aA,/oy

B,=8A,/aXW8Ax/az} = B =rot A (1. 5}

B.=9A,/9v—9A,/9x
{(where the B, is the fourth component of the magnetic field)

and from the equation J =D - D - A, we may rewrite as

=i —j,—ij,J=[8/8t+a/ax afay+ia/az][ a3/ at—o/f ax —B/By—ia/az][ d—A  —AIA,
—iy+i,  pti a/gy—iofoz a/ot—3/ax ' \-afay+is/or  alat+alax -A, A, A,

e,

p=8t g/ (2P g /ox?+ 5% ¢ /AVI+ 8% ¢ /BzE) = tp/ott—Vig=p (1. 7}
jr= %A/ Bt (B2A,/ Ox*+ 3%A,/ 3y + &PA,/ 9zh)
jy = @A,/ at*— (*A,/ ax+ 3'A,/ ay* + 5°A,/ 52%) }=o TA/ot2—7zA=] (1, 8)
jz = 3%,/ 82— (9%A./ ax*+ %A,/ ov* + §*A,/ %)

and from the equation ¢ =D + D + F, we can get egs. (1. 9) , (1.10) and (1.10); in the same way as
above.

g.e.d.

§4 The Yang-Mills functional

. a,ta; a;tia
We take the 2X2 complex matrix A= | ' 7 ¢ ! ]
az—1a;, a;—4d:

Let A be a cofactor matrix of A and let %(A-i-ﬁ), %(A*A) be real part and imaginary part of A

respectively,
R
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5‘:[ al—al‘z —aaf‘ian
L —a;tia, a;+a;

0 . a, a;tia
%(L\+A}— a, ] ! %[A—A)— ‘z 3 4
& 0 a dz " la4 —d:

and A),=a, (i=1~4)

we consider the u(1)}-principal fiber bundle P(M, u(1)} on the Minkowski space M and let the connection
form be

A=gdt—Adx—A,dy—A,dz
and then the curvature form is

F=  Eydtadt +% Eydtadx + 6 Eydtady + 4 E.dtadz
— W E,dxadt t  E,dxadx — 12 B.dxady + 1% Bydxadz
— 13 E,dyadt +4 B,dyadx+  Ezdyady — ¥4 Bedyadz
— % E;dzadt— % B,ydzadx + ¥4 Bydzady + E,dzadz

{where the underlined parts are null)

= W(E+iB,) (dtadx +idvadz} + 12 (E,+iB,) (dtady +idzadx) + % (E, +iB,) (dtadz+idxady)
+14 (B, ~iBy) (dtadx ~ idyadz} + ¥4 (E,—iB,) (dtady—idzadx} + Y5 (E, —iB,) (dtadz —idxady)

The E.. Ey, E;, By, B, and B, above are the space-components of the curvature.
and

E.=—B8A,/8t—a9¢/ax, B,=—8A,/3z—3A./8y,
E,=—0A,/ at—o¢/ay, B,=—8A,/8x—9A,/az,
E.=—~38A,/ 8t~ o¢/3z, B.=—8A./8y— 8A,/8%,
E, =3¢/ 8t, E,=3A,/3x, E.=3A,/3y, E.=8A./3z,

We define the time-component of the curvature as

E.=38¢/2t+2A,/ax+9A,/ay+ 3A./ 3z,
B.=0.
Let the connection matrix and the curvature matrix be

o A —AIA po [ EFiBFEFiB, E, +iB, +iE.—B,
S U—ALHIA, A E,+iB, —iE,+B, F+iB—F,—iB, /,

We define the norm of curvature as
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| Fi= (F«F),=(E+iB)? (E, +iB,)*- (E, +iB,)*— (E, +iB,)*
{the determinant of the curvature matrix F)

and the Yang-Mills functional as

YM: A~ [ | Fldv= fM (F + F)ydv.

Let A, be a curve in connection space such that A,=A and a=A+-A and « :Hd'{ & (0} (with compact
support)
then

d

=4 . =D.

The following theorem holds.

Theorem 3 .

d - .
FYM(A)(O)-IM (DF + a),dv

FProof

d
dt

YM (A, (0):dd—tf (F « F),dv
M
o o -
=f ((D+g)+ F+F « (D a))dv
M
:f (F(Dea))+ (F(D-ahdv
M

=2fM (F (D +a))dv

:sz ((D+ F}+alldv

e by the proposition 5, 6 below
q.e.d.
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Corollary 4 .

The equation of the connection {or potential) matrix A
D:F (A)=1
is the condition of the Yang-Mills connection.

Proof
We can suppose that the o (in the above theorem) has the small compact support at any point
then we have

((D=-F)ea)=190.

Specially, we take &’s as follows !

1 0
when a:( 0 1) then (D«F), =0
holds.

1 0
when a:( 0 _1) then (D-F),=0
holds.

0 1
when a=( ! O) then (D F),=0
holds.

0 .
when a:(ii :)) then (D+F),=0
holds.

q. e d

Proposition 5.
a,+ a, aa+ia4J

We take A= [
a;—ia, a,— a:

’
and let the matrix elements a,, a;, s, a: be the ¢®function with compact support.

Then
f (D+A),dv=20
M

holds.

Proof.
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a/ax!+a/ax® 8/8x3+ia/ax‘} [aﬁ-az a3+ia‘]]

(D«A)=
' [ {a/axa—ia/ax* a/ax'—a/ax? a,—ia. ay—a, | 1

=9a,/ax'+ Ba,/ 9x*+ da,/ 9%+ 2a,/ ox*

therehore, by the Green’s theorem

fM {(D+A),dv=0

181

holds.
q.e.d.
Let
A [ a, ta, a3+ia¢] B = b;+b;, by tib,
a;—ia, a,—a, » bs-iby  by—h, '
then the following proposition holds.
Proposition 6.
(D+(A*B)),=((D-A)+B)+ (A+(D:B)),
Proof.
we calculate (D * (A« B)), as follows :
(a.b1+azbz+a3b3+a4b.) (a1b3 +iazb4+a3b1—ia4bg)
A +(a1bz+azb1_ia3b4+ia4ba) +i(alb4‘_‘iazb3+iagb2+aqbl)
- B =
(a.b3+iagb., +aab,—ia4bg) (a1b1+azb2+aab3+adb4)
*.i(a;lbq, _iazb3+iasbz+ﬂ4b1) - (albz+azb1 _iagbq +ia..b3)
(D+(A-B)),
= a(albl+azb2+a3b3+a|b4)/axl+a(a1bz +a2b17iagb4+ia4b3)/axz
+a(a1b3+iazb4 +agb1_iaqb3)/ax3+a(a1b¢_iazb3 +ia3bz+aqb1)/ax‘
we calculate ({D « A) * B), as follows :
+
(Ba,/9x' + 9a,/ 3x2+ ay/ 0x*+ 2a,/ 9x*) {Ba,/ 8x' +ida,/ 3x*+ 3a,/ ax*—ida./ 9x*)
o + (ga,/ 9x* + 9a,/ox* —ida,/ax* Hida,/ox!)  +ilda./ox'—a@as/ x> tiga,/ 9x* +5a,/ ox"
{(3a,/ax' +ida,/ ox*+ 3a,/ 5%’ —ida,/ ox") {5a,/ 9%+ 9a,/ ox* + 9a,/ 9x* + Fa/ 8x*)
—i{3a,/8x!—9a,/3x*tida,/ 8%’ + 8a,/ax*)  — (Ba,/ax'+ da,/ox®—ida,/ Bx* +ida/ BxY) 7,

((D * A) - B)]
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=(3a,/3x'+ 3a,/ 9x*+ 3a,/ x*+ da,/ ax" )b, + (8a./ ox' + 9a,/ 9x* — ga,/ axt+ida,/ ox' I b,

+ (Day/ ox' +i9a./ oxt— ga,/ 9x¥—i9a,/ 9x* )b, + (Ba,/9x' — Da,/ ax2 +1iday/ 6x* + 8a./ 9x*}b..

we calculate (A - (D - B)}, as follows :

(9by/Bx+8h,/ax*+ aby/ax*+ b/ ox*)  — (3by/9x' —i8h,/3x* + ob,/ ox*~iah,/ 5x")

- . — (3b,/3x'+ 8b,/ x*+idb,/ 9x*—i8b;/3x*)  —i(3b./3x'+3by/8x*~i3h,/ 8x*+ab,/3x*)
D«B=

— {8b,/9x' —idb,/ ax*+ ab,/ 8%’ +i8b,/ 8x*) (8b,/8x' + 3b,/ 8x* + Bby/ @x*+ 8b,/ 8x*)

- +ilab,/ax+ b,/ ax?—idb,/ax*+ab,/ax)  +(9b,/ox'+3b,/ax? +igb,/ 9x*—iab,/axt)

(A * (f) i ﬁ))l
= ga,(5h,/ax'+ b,/ ax*+ aby/ 5x3+ ob./ 8x*) +a, (8b,/ ax' + 9b,/ ax? + ab,/ 9x* —i5b./ 9x*)

+a;{ab,/ax'—idh,/9x%+ &b,/ ax* +idb,/ ax*} +a, (ah,/ 9x!+iah/ ax* —i5h,/ ax*+ ab,/8xY).

therefore

((D+A)+«B),+ (A-(D-B8),

= {3a,/9x'b+ da,/ x4 9as/ Bx’bs+ 2a,/ 9x'hd + {a, b/ 5x'+ a,8h,/ ox'+a,db,/ 9x*+a,0b,/ ox!}
+ {8a,/8x%h, + da,/ ax*b, —ida,/ 9x%h. + 192,/ 3x’h,} + {a,0b./ax*+a,8b,/ 9x*— {a,8h./ 3%* +{a,Bb,/ 3%}
+ {8a,/ox*, +ida,/ axh,+ a./9x’h, —19a./ 9x*h,} + {a,0bs/3x* +ia,db./ x° +a;8h,/ 8x*—ia,3h,/ Bx°}

+ {&a,/ox*h,—ida,/8x'b, + 8a,/ 8x'b, —ida,/ ax'b,} + {a,dh,/9x'—1ia,8b,/ 5x* +ia.0b,/ ax*+a,9b,/ ox*}

g.e.d.

§5 The complexification of the electromagnetic field

We take complex potential matrix as

1o A —A,,—iA,]
—A,+iA, DA,

and matrix elements as ®=¢tid's A=A, TiAN A, =A, Fid), A=A, TiA)

Then the electromagnetic field which is derived from the complex potential A is as follows :

E.+E, Ey+iEz]7[ a/at—a/ax fafayfia,f’az] b—A, —A,—iA,
E,~iE., E-E,’/ | —a/ay+ia/az a/at+a/ax ' | —A,~iA, ©+A,
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E.= a®/8t+8A,./3x+0A,/9y+ oA,/ 82 =  E.=ad/at+div A

E, = —2A,/8t—a®/ax +i{3A,/5z-8A,/ay)

E, =—3aA,/at—od/oy+i(8A./9x—0A./ oz) = E = —grad®—8A/at+i rot A
E, ~—8A,/3t—3d0/3z+i(3A,/9y—38A,/22)

(where E,=E,+iB,, E,=E,+iB,, E,=E,+iB,, E,=E,+iB,) .

We take the real and imaginary parts of the above equations, then we obtain the following equations.

{the real part)

Ei= a¢/ot+5A,/0x+0A,/oy+oA,/ 9z - E=a¢/at+div A (1.6},
E.=—aA,/at—ag/ax—{dA,/az-23A,'/ay)
E,=—8A,/at—a3¢/3y— (8A, /ox-3A,/3z) J‘ = E=—gradg—8A/at—rot A’ (1.6Y

E.=~8A,/8t—ad/0z— (A, /oy —8A,/8z)

(the imaginary part}

B.= 8¢/ /at+3A,/ox+oA,/ay+ 84,/ 9z = B=a¢'/ott+div A’ (1.5},
B.,=—8A, /at—ag'/ax+ (3A,/8z 9A,/oy)
B,=—-8A,' /at—a¢’/ay+ (8A,/0x— DA,/ Dz) } = B =—grad¢ —oA/atFrot A {(1.5)

B,=~0A,/8t—a¢'/3z+(8A,/dy— 8A,/3z)
{where the underlined parts are the ones which are obtained from the imaginary part of the potential) .

We assume that the complex scalar and vector potential satisfy the wave equations (or condition of the
Yang:Mills connection)

RV

o' /o= = p
A, att— VA, = ],
A, BtF-VIA, =]
A, atE—ViA, = ]
(where p, J., J,, J, be complex charge and current.)

¥

z

and take the complex current matrix as

p—Jte —=J,—i ],

‘I:
7Jy+iJz P+Jx

and the matrix element as p =p+ip’, I,=1,+1i,, J;=i,+ii..
Then the equations which are satisfied by the above electromagnetic field is as follows :

p— T —J,+1Jz]z[a/at+a/ax a/ay+ia/az] [E.+Ex Ey+iEz]
-I,=1J. p+tls a/ay—ia/ez a/vt—o8/az E,—iE, E.—E,
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p oE./ot+ (8E./8x+aE,/5y+2E,/3z) < divE+oE/ at=p
J,=—0E,/at—3E./ax—i(9E,/3z— 9E,/3y)

I ,=—08E,/5t—9E./ay—i(8E./ox— 9E,/3z) } = —irot E —9E/at—gradE.=J
J,=—3E,/at—oE,/8z—i(8E:/ 89y 9E,/5%)

We take the real and imaginary parts of the above equations, then we obtain the following equations.

{the real part}

p = 8E/at+3E,/ax+5E,/oy+aE,/ 9z = div E+oE/at=p {1.
i ,=— 8E./ot— oE./ax+ (@B,/8z— 8B,/ ay}
i ,=—08E,/8t—8E/ay+ (8B,/9x— 2B,/ 9z) } =  rot B—3E/dt—grad E.=J (1.
j,=—8E,/ot— aE./az+ (8B,/ay—aRB,/8x)

{the imaginary part)
o = 8B./at+8B,/ax+3B,/8y+ 9B,/ 3z =  divB+3B./st=p’ (1.

iy=-58B,/ot-9B./3y— (8E,/8x— 3E,/az)
j’=—aB,/at—aB./8z— (8E,/ay— aE,/ax)

j.=—8B,/at— 8B,/ ox— (8E,/9z— 8E,/3y)
} =  rot E+38B/at+grad B=—J° (1.

(where the underlined parts are the ones which are lacking in the medified Maxwell equation)

§6 The transformation for the special theory of relativity

At last, we calculate the transformation for the special theory of relativity.
For example, we consider the Lorentz transformation on the t-x coordinate.

and let the Lorentz transformation{ t — X) be

ct’ =ylct—px) ,
X' =yp{x~gect) ,
V=Y,
2 =z,
(where g=V/c, y=(1—-V¥ i)

Then the differential operators D, D are transformed as follows !

[ a/oct'+ajex a/ytia/er J:{y(1+,@)(a/act+a/ax) a/ay+ia/az J
a/ey —iofazr a/ct—a/ax’ 8/ay—ia/az yil—g) (8/8ct—a/ax)

[ alect—a/ox’ a/y'—is/az

_ [ v (l—8) (a/Bct— 2/ 5%) —a/ay—ia/loz ]
—a/ay'+ialer alct+o/ax

—a/ay+ia/oz  y(1+8)(a/actt+a/ox)

Proof
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a/ct’ = 3/ act+ act/ act'+a/ax » ax/act’
=ylafct+g+ 8/ox),

a/ax'=a/ax » 8x/ax’ +d/act * Act/ &%’
=y(a/x+g~9/oct),

a/ay'=d/dy,

aloz' =9/ oz

q.e.d.

And potential A is transformed as follows :

/e @—A, —AL,-iAL } _ [7(1+ﬁ)(l/C°®—-Ax) —A,—i A,
—ALFIA, /o @A —A i A, y(1—@ (1/c» @+ AL

Proof
1/c+@=y (1/c @— g~ A
A=y (A, —f/c- @),
A=Ay,
A=A,
g.e.d.
Therefore, the transformation of the field F is calculated as follows -

2 e

:[ a/act’ — 3/ ax’ ’a/ay’fia/az’] [l/c’ﬁb’*A’x fA’,FiA',]
—3/ay'+ia/ez 8/oct't a/ax’ —AL, i A, Yee@ AN

_ [y(l*ﬁ) {5/ Bet— 8/ ox) —3/ay—id/ oz ] [y(1+ﬁ) (l/c- d— A —A,—i A, ]
—a/ay+ia/oz y(1+ 8} (8 dct+ 2/ ax) —A+iA, y(1—8) (Y- @+ A

- ( E, +E, yA-g{Ey+ i EZ)]
y(1+B(E,~1 E.) E.-E,

Therefore, for the time-component E,, there are no effects by the special theory of relativity and also the
norm of the field (or curvature) | F | is invariant.

Moreover, the transformation of the charge and current T is calculated as follows :

B T R I
[—Cf’y‘*'i J. c;::l'*'Jl’x ]

[a/act'+a/ax’ a/ay'+ia/az’] [E'ﬁ“E'x E,+1E%;
a/ay' —id/az alact —a/ax E',—E. E.—E%
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_ [y(l+ﬂ)(a/act+a/ax) a/ay+iaiez } l E, +E,
a &/ay—ia/az y(1—g) (9/act-8/ox)

_(raraeda il
—1,4i T, y(-pep+ T

This transformation is of the same form as the one of the potential i,

Some questions -
1. For the equations (in §2)
divE+ 8E,/at=p,
rotB—aE/8t—gradE,=J,
can we detect the fourth component E, of the electric field ?
2 . For the equations (in §5)
divB+8B,/at=p",
—rotE— 9B/ at—gradB,=J’,
is the magnetic charge p’, so called, 2 magnetic monopole ?
And can we detect the fourth component B, of the magnetic field ?
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y(1+8)(E,—i E,)

y(1—-g{E,+ 1 E}

E.—E,
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