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Abstract

We discuss the extended Hopf fiber bundle defined in a previous paper® and its associated
frame bundle.

In §2, we add the infinjties of the base space in a 6-dimentional homogeneous coordinate
to expand the above fiber bundle.

In §3, we see that under this situation, transfomation group SL{4, €) on this fiber bundle
acts on the base space as the group SO(2, 4, €) and we also find that a canonica] connection
(i.e., Instanton) on the extended Hopf fiber bundle corresponds to the Levi-Civita connection
on the associated frame bundle .

In §4, at last, we also construct a new structure of extended Hopf fiber bundle whose fibor
preserves the Levi-Civita connection in the transformation group SL {4, @) and then, make a
cross section and a connection on this tiber bundle by the use of the decomposition of SL{4,¢)
which is similar to the Iwasawa decomposition

$1. Introduction

Let

w1, Uy iy
MZ(EJ = u=

J } U, U, Us, Uy eﬂ:].

U —iu, u,—uy

- U —u: —uy—iuy, .

u = a cofactor matrix of u,
*U3+lu.1 ul+u2

and [u] = (u,)?— (u,)7~ (U3}~ (u,)? a determinant of u,

We define the extended Hoph fiber bundle® with strueture group SL(2,C ) as follows:

X
() —{ (YJ eMz(ﬂ:)z/IXJHYl:l},

x l Re(g € SL(2,C))

SHEY = {(u, U) et XMz (€))7 (u) 2+ U = 1}
The structure group is SL(2, €) and the action R, is
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R

. & € SL{2 )
Y Yg

and the projection z: 87(€ ) S*{.€) is as follows:
We consider the mapping f: S(C)— {m ¢ M(4,€)/'m= m, m?= m, Tr m= 1},
X & ,?] 1 [X}‘{ XYy

f:
Y 7 1-¢ IXI+iY! yx vy

}mz

] (where £ € CE, 5 € M,(C)),

X

Y
moreover the following relation holds by the property of the above matrix (i.e,, m*=m),
&+ gl =¢, )

(I-28%+29]=1.
Therefore we can define the projection = de.,
IY[—IX| 2XY
IY[+1X{ ° [Y]+[X]
The bundle space S7(C) and the bage space 5*(C) is covered by two open sets which are correspond
to the subset of €* by the stereographic projection Fii==.ie,,
Two apen sets are

Xg
this mapping is invariant under the group action Rg: [ } — [Y } .& € 5L(2, €) and surjective,
B

.

N

X
} =(u,U) = (1-2¢&,29) =(
Y

X
M. (@), = { [YJ E S’(I)/IY#U} kit S'ugE-1) =SYEC)N {u+-1},
and
X n
M. (L)%= { [Y} 3 S’(C)/|X]¢O} = S'ue#l =SY(C) N {w*1},

And by the stereographic projection ¢ on S3*(u,+-1} and ¢, on SHu#1) i.e.,
$-(w. W) »u =U+1)- = XV! € M,(¢€), (see figure 1.)
$:(,U) > =U(l-u)? = V(=0 ¢ My(e).

This two parts are homeomorphic to the same part of €* Jd.e.,

Ci(luj#-1) = {ue M.{€) 71+ |u|#0},
then the cross section on x_, on C*(|lul+-1) and s on C*(|W|*-1) are as follows:
1

u
#_I:UHW [EJ € M. (C) -1,

the anti-de Sitter space{real case)

Y SV A

{figure 1.)
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. u’ — __;_77 E = M (c)Z
CET A g T e
There is a canonical connection on the extended Haph fiber bundle by the horizontal condition Jd.e.,
X (dX dX X
< , >=XdX+YdY = ¢(matrix) for € To{S(C)) at Vp= €P,
Y dy Y
and the connection form @ on the principal fiber bundle is
(dX R
8, ( ] ) = RdX +¥dY on To(87{€)).
Moreover

The connection A (u) on the base space is the pull back of ® by the cross section g fi=+1) d.e,,
Alw) =(u ,*8) (W)
1

—?Wlm adu usCjul=-1),
AW} = ("0 (1)
_ _1._1m wdn weE i |u]+-1).

1+ ||

§2 . An expansion of the base space and the cross section on it

We define a transformation on M, (¢ )? of SL{4, C) as follows:
Leta,b e d, XY € My(C€) and
ab [ X J [a b
. —>
Y cd
Theorem 1.
M. {&}% is a invariant subspace of the transformation group SL{4, €) and has the structure of the

cd
fiber bundle with structure group GL(2, €) as follows:
the fiber space is

v - (o]

SL{4, @) » g= l

X
M,{C)%= [Y] € Mz(c)z}\ {X|=1Y|=0and X¥=0},

the base space is
u; +u; u; Fiug

e I,
SHE) = {LUW € TP (up)’+|U|=(u)% e € and U = ] € Mz(ﬂ:)}

U;JI - il.l4 Uy— U,
and the projection x is
X w| o Y=]X]
—=|Ul = 2XY .
Y Us Y|+ ,‘XﬁJ

T

Proof
The subspace M, ( €}%, is invariance under the action of SL(4, €}, because the following equations (1),
(2),(3) hold.
(1) laX+bY|=(aX+bY) (Xa+YB)=|X||a|+aX¥b+bYRa+|Y{|b| =0,
2 [eX+dY| = (X +dY) (Re+ ¥d) =X [c] +eXVd+aYRE+| Y| |d]| =0,
31 @X+bY) (X + dY) = aX+bY) (Re+¥d) = [X|ac+aXVd+bYRE+ | Y bd=0.
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We exchange the coordinate of the base space S*(¢ ) as follows:
2Us_p=Us;—1g 20 =u U, 2Up i =Us —iu, ,
2Ussa=Us + U, 2Uz=U; + U, 2Ugsq = Uz +iuy,

then the base space 3*(€) is represented as

Uitz Uzypa

‘U| = 4Usyols.o , U = 2

Us 15 Uy
and the projection is
NEIGRE
—=| U |=]2XY
Y Y|
We devide the base space §*(€) into 6-parts by the use of this coordinate i.e.,
SUE) = 5" (Useo) US (U5-0) U S* (0122} U S (W) U S* 1) U S* (Wamaa) |
{a) S*(us.0) :S4(¢) M {U5+D¢U}, (b} 54(115—0) :S‘(E) n {Us—n:f:[}},
() S*(u,,) =§‘(I) M AU *0}, (@ g‘(uwz) :S4(u:) M {u_z#0},
(@) S*(Uaa) =5HE) N tunuw#0), () 3w ) =3(C) N {tw=0}).
The cross sections on the above space (a)~(f) are as follows:
{a) The cross section on $*(us,,) is

Us_p /2
U — {(Ussn) 712 )
Us.oE

Usi0

Us .o
() The cross section on S*(us ) is

Us—o Us E
U - (us_g)'72 ] .
u/2

¢y The cross section on $*(u,,,) is

Us g

Upsz H

Us—g . Us_yw Uz
u - (Upye) Y s

Ugro ~Usiig

Us+o

0 U4z

where 2= (W) 7 (Us 15 Uspre+ Usg Usyo) .
{d} The cross section on and S*(u,_,) is

Us—p Uz
Us—e 0 Up_»
U I {uy,) 12 .
Ug+o [ Uz 0

“Ua .4 Usug

where W= (0_2) " (Us_1q Usera+ Us o Usyo) .
{e} The cross section on $*(u,,,,) is

89
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0 Uz 1q J

“Us_o Uiz

Us_¢o
U — {Ug4iq) Y7 ,
Us+p [ Uatia U}
“Uivz Usso
where Uiy = (Useie) 7Ny Wy —Us_g Ussp) .
{(f) The cross section on $*{u,-;,) is

Upp2 ~Us—g

Us—g 2 Us_y4 0
U — (Ug_ye) Y '

Us4p Usyp ~Up—z

0 Uz-—14

where  Ugps = (Us—ie} " (Upap Wy, —Us_p Usie).
The structure group is GL{2, ¢), because
(a} When us,o = 0(|Y| # 0)

X?
J €5,
v

X[=1X], XY = X7, |Y] = |V,
Then there exist g = Y 'Y" € SL(2, @),
and

Let's for any point

Y =Y,

X=Xg=Xg"' . Xg=X.
(b) When u,, #0(| X| #0) ,the same manner as us,, %0 is done,
(¢) When vy, #0(Uy, =0)

s Xl .
Let's for any point {YJ € M, (€)%,

IX| = |X| , XY = XY and |Y| = Y|,
Jde,
by [X] = [X'])
Us—o= Xiye X1-2 —Xsyns Xzopar(1).
{by 2XY = 2x'¥"

Wyva Ugpgg
2

Xi+2 X3t1e Viz —¥a+rna
=2

Uz_g4 Up-z Xa—ta Xi-z Vi Yisz,

Witz = Kita ¥i—2 —Xaels Yaopg rreeees (2),

Warte = —Xirz Yarts TXarre Yigz oomeee (31,

Uz-ta = Xaoae Yooz =Koz Yaoig ooreeeee(4),

Wz = — Xz ¥auue Xz Vrgg oo (5).
(by IY] = |Y'])

Useo = Viez Y1z —Vssu ¥auuo{6).
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Then there exist g = & B such that g, g, 5.2, is satisfy the following (7}, (13
g: &4
(by Xg=X)
i Uyyz 0] g B2 X1+2 Xa41a ]
(Wiya) 712 = )
Ug—i4 Us—p J Bz &4 Xooiq X1z
ol M = X, (Uieg) 2 = Kaprgerees {7),
Us—afy +Usofs = (Wi g2} 2Ra_yq voeeeeenend (8),
Us—gufz T Us—o 0 = (Ug42) VEX_p -ovveeneenn (9.
by Yg=Y")
Usyp — Uapiy E1 B2 Yiez Yaeud
w7 2] [27).
0 Uz g2 ga Vaire Vioz
S Usao®1 —Ugeiafs = (Wiaa) M2y g soreeeeeeens {10,
Us+oBz —Uarae = (Uraz) M¥Waaqe vereerenes i,

(Wre2) P8 = Vaa, (Upen) V2R =Yg o1,
These equations (8)~(1l) derived from the other equations {13~~(7),(19 as follows:
The equation (8) is
(Wye2) "2 (Ua 1) HUs_oBs)
= (Ko ¥ime— Xioa¥sote) Xivz + (Xoo2X) 2 = Xas1aXKao1a) Vaora
=(¥1-2X142— K15 V314 ) Xso1a
=Ure2Xa_i4.
The equation (9) is
(i) 2 {Us 1082+ Us_oy)
= (X3 1a¥1-2 — X1 2¥3 14} Kowia + {X112%, —XoruXs 14} V12
= {(—VaoraXaere FXpaa X1 2) Xy o
=W+2Xi-z.
The equation (1)) is
(W2) Y2 (s o) — UsyraZa)
= (V142¥1-2 ~ Vseta¥ao1a) Xz — (—Xie2¥sers + XareVie2) Yoo
={—Yi-2X1+z = Xs1a¥am1a) Viez
=Ute2¥1-2,
The equation (il is
{Wrs2) "2 (Usof —Userafs)
= (V1+2¥1-2 = Fas1e¥a-14) Xars — (= X112¥se1a+ Xar1e¥142)} ¥ioa
={—VauXaru +¥12¥1-2) Vaers
=liiz¥ata,
(d),(e),{f) When w,_; #0,Ussu =0 and uy 1, #0, the same manner as u,.. 0 is done,

61

g.e.d.
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§ 3. The transformation on the associated fiber bundie

Theorem 2,
The transformation group SL{4, €) on M;( €)% has a representation as the transformation group
S0(2.4,€) on C©** as follows:

ifg =

ab
dJ € SL{4, €} then it corresponds to the element h=p(g) € 50{2 4, €} such that
C

u %Hdl—ﬂ)l—\cl-l—Ial)un+Re(cUa—aUE) -&-%(ldln|b|-{—\c|—|a|)u5
0
he [U| = (bd—ac)u, + (aUd+blo) + (ba+aE)u5]
He %(\d|+|bl—\c|—|a|}u0+Re(cUE'l+aUE) +%(|d|+|b|+\c|+|a|)u5
w4+, U3+iU4 El
where we look upon the matrix U= as the vector uz .
US_iLh u; —us 3
Uy
Moreover
(a} the subgroup
ab . - ac
Sp'(2,C) = | g= eSL4,.0) /gg=E ; &= |_.
cd bd
corresponds to the SO(2,3, €},
(b) the subgroup
ab - 0 Ez
SD*(Z.I) = g= € SLM.E) /tg'J4'g: Ja .JA -
cd —-E; 0

corresponds to the SO(2, 4},
(c} the subgroup
Sp*: (2, @) = Sp’(2,C) M Sp*{2, L)

ab

corresponds to the 50(2,3),
(d) the subgroup

] € SL@4,C) /gg=E }

_th ty

0
SL{2,C)xSL{Z,C) = {g= [a d] ¢ SL{4,€L) /ade SL(&M}
0

corresponds to the S0(1,3, ¢).
(e} the subgroup

(a0 ) ]
SL(z,¢) = { g= . € SL{4,C) /ac SL(2.¢)J>
L0 a”
corresponds to the SO(1,3} .
Proof
Let the transformation g on M, {{)?, be
ab X aX+bY
SL{4,€) > g= : — ,abcd XY € M(C)
cd Y | cX+dY

then the transformation h on the base space §'( ¢} is as follows:



The Transformation Group on an Extended Hopf Fiber Bundle and [ts Associated Bundle

u, ! 1Y) — X |cX+dY| - |aX+bY|
h:|U| = 2X¥ - | 2(@aX4bY) (X £dY)
Us Y4 | X| [eX+dY |+ |aX+DbY|

%(|c| — |al) (us— ) +Re {cUd—aUB) +%(|d| — b} (s +uy)
= alus—u)e+ (aUd+bU8) +bius+u,)d
%(|C| +]al) (us—u,) +Re(cUd+alUb) +%(|d| + b} (us +ug)

Therefore this transformation is the element of the SG(2,4, €) because the equation
(W) i+ U = (e doe., (ue)®+ (u)— (uz)® — (ue) * () *= (us)?
is invariant under the element h.

-E
Therefore the equation 'hl,h = L, (1}, I..= [ ’ holds,

0 E-!
{a) Subgroup Sp’(2, €) corresponds to the SO(2,3, €},
because g+g = E _i.e., |a|+|c|=|bl+|d|=1, ab+cd=9,
and Re(cUd+alUb) = Re(dcU+bally.
Therefore the following equation
(ud*+ Ul =1 ,ie., Ue) ™+ (W)2—(u)?— (u)*— (w)*=1.
is invariant under the element h.

(b) Subgroup Sp*(2, €) corresponds to the SO{2 4},
because if g € SL(4, ) then 'g and ], each correspond to *h and I,, by the direct calculation.
Therefore the equation 'g l,g = J. correspond to the equation *hl,h = I,
and by equation (1) h = h holds.

(¢c) Subgroup Sp*; (2, €) clearly corresponds to the SO(2 3).

() Subgroup SL(2,C)x SL.(2, €) corresponds to the SO(1,3.C),
because 2(aUd+bUg) = 2(alUd) .

fe) Subgroup SL'(2, €) corresponds to the S0(1,3),
because 2{(aUd+bUc) = 2(aU'a), qed.

We discuss the transformation of Sp’(2, €) on the principal fiber bundle P{S7{g )}, =, S* ()}
Let S7(C) = { [i] / X|+Y|—1]
then the principal fiber bundle
s(e)
b3 J Reig e SL2, €},

()
is invariant under Sp'(2, €C)
because
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‘X} [ab X

Ty cd {Y B

and

|aX +bY |+ [cX+dY|= (| X ||a| + XabY + ¥haX + | Y ||b|) + (| X |lc| + Xed¥ + ¥deX + | Y ||d])
=|X|¢a| + by +X@bted)Y + YBarde)X + |Y|(|b]+|d]}

(ab
cd

Sp'(2,C) = g=

aXerY]
cX+dY |’

=|X|+]Y].
dX dX
Moreover the canonical connection 8, vl= Im(XdX+¥d¥) =X 1) .
X dX
=< v > is invariant under the group action of Sp’'(2. ¢ ).
because
[a b] X ab X X X
[ > =< , >,
cd Y cd Y Y Y
means that
ac ab .
. =E ,ie., gw =E
bd cd

The base space 5*(€) is 4-dimentional space and its frame bundle is a one with 4-dimentional frame
and the transformation group 5p’(2, ©) on the fiber bundle 57 ( ) act as the transformation group S0(2,3,
C).

In the real case, we use the transformation groups Sp*; (2, €) and SO(2,3) instead of the transforma-
tion groups Sp’(2, €) and SO2,3, C).

Let the canonical 5-dimentional frame be A, A; A, A, N and the stereographic projection ¢_, on 8¢
{ug#-1} such that ¢_,:{u,, Uy = u = Z{uy+1) ' € C*(|u] =-1)

Then
(o)t = ((I—|u]) A+ [ul)™" 20+ u)=")

and
did ) Hw= 20+ B(—2ad 1+ |u]—2{uH)?, —2utut, —2utu’, —2utn!) dut
+2(14 |u])~2(2u?, 2utu?, 14 |u| +2(u?)?, 2utu?, 2utu?) du?
+2(1 4+ |ul) 2 (2u*, 2ute?, 2utu® 1+ |u| +2(u?)?, utu?) du?
+2{1+|u]) *(2ut, 2utut, VAT L qutut ) 1+ |u| +2(u®) ) dut

Therefore A, A;, A; A, are each coefficient of the du',du?,dw?,du* such that
dig-) =201+ | UJ 1A U 4 Apdu® + Ay due® + A, dut) )
and N a vector which is orthogonal to A, A; A;, A, (i e. satisfy the condition 2ugdu,+d|U| =0)
then N = (1—|u|,2u",2u®,2u®, 2u%) .
For the stereographic projection ¢;, the same manner is used as above.
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Proposition 3.
The following A’ A.’ Ay’ A, and N’ are orthonormal frame in €*?

A= (14 u A, A=+ u[) Ay, AS={1+|u]) *As, AS=(1+Tul)'A,, N'= {1+ |u[)7'N
and

1-jul ; iy W PV ' ot
2u ' 1+ u|-2 (w"? du'? ' 2utyt
N= | af A= vt | A= [ 14 |ul+2ehE| A= e | A= Futyt
bl ot | 20t 1+ |u| +2(uf)? 2ot
Loy . -ty ut® u? 1+ |u| +2uh?

Proposition 4.
A canonical connection on the 5-dimentional frame bundie on $*((€) is

0 —du du? duw?® du*
du' 0 wdul—utdv?  widu'—uldu®  u'du'—uidu’
At :ﬁ du*  widu'—uldu? 0 wdu —utde®  utdud—uidut £50(2.3.C)
du*  uidu’ —u'du? widuw®—-uidu® 0 utdu®—utdu
du*  uw'du’ —u'du* wduw!—uvidu?  vidut—utdu® O

and a canonical connection (i,e,, Levi Civita connectien} on the base space $*(C}is

0 [ widu'—uide®  vidu'—uw'dv®  uwidu!—uidu’ )
Atw) — 2 vidu! —utdu? 0 wdw?—uide®  u'de® —uPdut cs0(l.3.€)
1+ ul | vidu' —u'du® wide® —uwldu® 0 utdu® —uwidu® T
udu! —u'du* idut—uidu®? widut—utdu® 0
Proof
Let
1—lul, A L 2w, mn Zut
14 |ul—2(uh)?, ut? ut? Zu'u?
h = (Q+]ul) | 2w —20fut 14 |ul +2(u?)?, 2utu? 2utut
' —2utu’ 2w 14 [u] +2(1W?)?, 2ufut
AT RN —gutut 2utu® 2ute’ 14 |u| +2(u*)?
then
Atuy = htedh
and A’(u) is obtained from A’(u) by the projection so(2,3. €} — se(1,3. C}. q.e.d.

§4 The decomposition of SL{4, €) and crosssection

We discuss the transformation of SL(4, € )on the principal fiber bundle P(M, (€)% ,=,5(€)).
Let a,b,c,d, X, Y € M,(L)
[ . ]
vl =

ahb lxl
ly

cd
dx dX )
Then the canonical connection &, - = XdX+dYy=E&, T . is invariant under the subgroup

ab
cd

aX+bY
cX+dY

SL{4, ) 3 g= on My ((E)*?

Sp'(2,e) of SL{4, ).
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The fiber space is divided into two parts as follows:
Mz(m)zn: Mz(ﬂ:)z—lU IVIZ(I)ZI
M, (C)*,= M.{(T)% N {IY]=0},
M.(€)* = My ()% N {|X|+0}.
and cn the each part

"En n

N . = { Is transitive on the base space of M, (€)%, because N_, { ‘ = \ I ,
NE \ E E
0E E (E ]
| = b is transitive on the base space of M,{ €)% because N, = . ‘
in 0 L

Proposition 5.
The transformation group SL(4, €) (Jb|+|d| #0} has a decomposition SP'(2, L) » AN as follows:

fabJ [ {51+ 1dD) " {a]d] ~bdc) (b|+id|)-”2b] ((bl+1d)E 0] { E 0l
led] i th+]d)) *2c)b| —~dba} (|B]+]d]}12d l {|b|+|d])*E l {Ib|+|d|}~*tha+de) E|
[
Proof
Let ab Xy tE 0 E ¢ X
= [ € 5p'(2,€), t(#0) e @, n € My(C)
cd zw 0 t~E nkE Zw
Xt+yt'n oyt
B zt+wt™n wt“J
Therefore
a = xt+yt~n = xt+bn, b = yt7!,
c = zt+wt 'n = zt+dn, d = wt!,
and
bl+ld] = (Jy[+|wht 2=t
then
t =(bl+[d)*(+0 €,
y =tb = ([b|+[d]) b,
w=td = (|b|+[d])""*d and |y|+|w[=1.
And
ab+cd = (tx+mb)yt='+ (tz4+ndywt '=na(lb|+|d})
then
n = {|b| +{d|}"(ba+de) € M, (€T},
x = (|bl+!d|) " (ald| —bde),
z = (|b]+!d|)~**(c|b| —dba) .
p’'(2,€) hold as follows:
Lz wJ

1) xy + zw=(jb|+]d] t{|d|ab—Ibled) + (|b| + |d|)*(|b|3d—|d|ab) =0,
2 Iyl +lwl=(bl+[dD (b +|d]) =1,

3) FX\+iz[=%(\b|+|df)*' Tr {(a|d|—cdb) (a|d] ~bde) + (&|b| —abd) (c|b| —dba) }

=({bl+d[}7* {]al|d]?~Tr(abdc) |d| + |b]|d||c| + |c||b|*—Tr(bdc) |b| + |d]| |b] |a])
=|a||d| —Tr(abdc) +|b] Ie|
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(ab
= Det - proposition § below,
lcd
=1,
The uniqueness of the decomposition is as follows:
. Xy [tE 0 Ee)] (xV 't’E 0) [E U]
z W 0tE nk _lz’w’ 0t 'E nE)’
XY (XY ‘t'E 0 E 0 tE ¢ (t'tE 0
then ! = = € SP(2, C)
AR zwW LO0tT'E n—nE] [0 tE Pt (o' —ny tUE
Therefore
=1, U@ - =0 .tU=t,n=n .X=x, y=y, =z, Ww=w, q.e.d.

proposition 6,
Let a,b,c,d € M,(€) then

Det = |a||d|+|c||b| —Tr(abdc)

c
hold

Proof
We check the following property {Weierstrass —Kronecker} of the right side:
{1y There is a linearity with respect to each column and row,
(i) If adjacent columns or row are egual then the value is equal to 0.

For (i)
ka, +k'a, a; | ke, +k'ci'e,
Ifa= and c = then
kaz+k'as'a, | kes+k'cs'c,
Triabde) = Tricabd)
- ke, +k'ei'c, ka, +E,al‘a2
and ca =
kes+k'¢s'cy ka;+k'a;'a,

(kCl + k‘C],,) a, —Ca (kag +k'a3,) — (kC]_ *i-k'Cl‘) az—Cy (ka1 +k‘a1,)

(kea+k'csNas—cy (kas+Kkas") — (key+K'cs'ya; —cy (ka, +k'a,’}
¢’ C [al' A
Cs C4 cs' Cy ag A, )

This means that right side is linear for the first column and the same statement holds for the another

Ciy Cz a; dp

+ k

dy da

column and row .

For (ii)
[ gy d; 1 c G
If a = and ¢ = then
dz dz Cy Ca
Tr{abde) = Tricabd) = 0
- Ci ¢ a1 Cia; —Cay —¢ay +¢ & 0o
and ca = = = .
C3 Cy Ay Ay Cz8la—C3fz —Caly +Cay 00
fa, a, a bs C G "cy ds
Ifa= b= ,c= and d = then
dz dy a, b.l Cy Cy Cy d4
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o ap dg a; b, c; d; Cy Ca
abdc) =
dy a. a, b, c, d, Cs Cy
0 a.;bz_azbq ] [d4C1 _dzc:g d.;Cz*dzC“ J
—a;a;+4aa, _“agb2+a|bq _C4C[+C2C3 0 ’
Tr(abdc) = (a.b, —a,by) (—coc,+0:00) + (—asay+ara,) (dycy —dacy)
= Ibllc|+|alld].
This means that right side is zero when the first and the second/the second and the third column is
equai .
g.e.d.

The same statement holds when another adjacent columns or row are equal .

Theorem 7.
Let new extended Hop{ fiber bundle and its associated hundle be
50(2,3.C)

Sp'(2, @) l

#tl/'l
SL@2, @) 0

¢4¥%5p’(2,¢)/{ ] and 50(2,3,€)/5001,3. ).
¢ SLi,c)

Then there is a correspondence of {Levi—Civita) connections between above two bundles under the

following locally isomorphism in theorem 2
£ :5p'(Z, C) - S0(2,3,C).

Proof by proposition 5, the cross section g..:€*— Sp’(2, €) is as follows:

Eu (Jul|+1)""*E  (|u}+1)"2u {Jlu|+1)"2E E 0
KOE [—(ulﬂ)‘”zﬁ (lu|+137'E) o (1u|+l)”2E} [(|u|+1)1ﬁ EJ
[OE (0’41 (n'l+1) E (Ju'|+1)7'E @ E 0
EX) {0 +1)"E (lﬂ’[+1)"’zﬁ'] [0 (IU'+1)”’E] (| + 1"’ E]
Therefore the each cross section is
(Jlul|+DE  (Ju]+1) %2
C'{ul+—1)2 u— pu, (W = [ . J ,
“(lul+ 17" (Jul+1 7K
S+ e (Ju+ D) 7RE
CH[=—12 0 — () = [ .
(lu’|+1)—-h‘2E (lu,l+1)_”2u,
The connection is as follows:
Let
1 E u
ET T atuape [_ﬁ E
Then
A=g'dg
1 E—u 1 d|ul E u] 1 0 du
74(1*_"“")“2 [~ E ) (L+{ups {_G EJ {1+ Ju|)ye —da OJ]
1 dlu| Eo 1 udd  du
2 1+ [()E] 1+ Ju [—dﬁ Sdu
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T 1ty d% Im udu

1 [Im udu du
this connection is correspend to the A’(u) (in proposition 4) under the locally isomorphism p.
For the g (u) the same manner as u, {u) is done,
the connection A’ (1) on the base space is obtained from A by the projection sp' (2, €)— sl(Z, €) X sl{2. @)
q.e.d.
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