Vector Analysis on Time-Space

Yoshio TAKEMOTOQ

HAR X B K2 EE
Fuk F15
Fri84E 2 A

(Bulletin of Nippon Bunri University)
Vol. 24, No. 1 {1996-Feb.)



HEZEAFCE S248% 149 1996F 2 A 75
Bulletin of Nippon DBunri University. Vol.24, No.l,Fabruary 199

Vector Analysis on Time-Space*
Yoshio TAKEMOTO**

College of Liberal Arts & Sciences,
Nippon Bunri University

Abstract

In this paper, we discuss the Vector Analysis on a Time-Space and show a existance of
the potential which is supposed in the previous paper®.

In this process, we use the potential and field of the 4-dimensional form. Then various
formula in the 3-dimensicnal space is expressed as a part of the formula in the 4-dimensional
space.

Contents :

In§1 we review a traditional Gauss and Green’s theorem in 3 dimensicnal space and their
examples.

In§2 we study Gauss™ and Green's theorem in 4-dimensional time-space.

In§3 we study Laplace-Poisson’s equation in 4-dimensional time-space.

In§4 we study Helmholtz’ theorem in 4-dimensional time-space.

§1. Vector Analysis on the 3 dimensional Space

In this section, we give some theorem (i, e, Gauss’, Green’s and Helmholz’ theorem) and it's exmples (i. e.,
the solution of Laplace-Poisson’s equation and Maxwell's equation) of the 3-dimensional case.

Let’s dV=dxAdyAdz, d$ = (dyAdz, dzAdx, dxAdy), D : domain, S=38D : surface of D.

[Theorem 1.] (Gauss' theorem)

Let's A, ¢ be vector and scalar field then

S div a dvV= S Aedg = S ds *A, where “+” is a scalar product. = (1)
D S s

(8 A, +8,A, +3A,)dxAdvAdz= A, dyvAdz+ A,dzAdx + A, dxAdy.
S rot A dV:—SA Xd§ = S ds < A, where " %" is a vector product. - (2)
D S S

(3,4, — 3.A ) dxAdyAdz = — (AxdxAdy — A, dzAdx)
(3, A, — 3.A,)dxAdyAdz= — (A, dyAdz — Adx Ady)
(8.4, — 3 A dxAdyAdz= — (AdzAdx — AydyAdz) .

* Received Oct, 11, 1995
"* Professor, College of Liberal Arts & Sciences



76 mooE® E K

S gradgdV = S $ds = S ds ¢ e (3
D S S
(&b, By, 3udb)dxAdyAdz= ($dyAdz, $dzAdx, gdxAady).

[Theorem 2.] (Green's theorem)
Let's ¢, ¥ be scalar fields then

S I grad ¢-d5 = S {grad ¥rgrad ¢ +¥A4)dV e i4)
5 D

{ wgrad g—¢ grad ¥)-ds = § (wag—gaw)dv e (5)
5 D

“div(¥ grad ¢) —grad ¥egrad ¢ +¥ div grad ¢
=grad Wegrad ¢ +VA¢, A¢ = div grad ¢
and by {1}, Gauss’ theorem, formula (4} and (5) holds.

[Example 3.] An uniqueness of solution of Laplace-Poisson's equation{Ag = —4ap).
Let's ¢, ¢, be the solution of Laplace-Poisson’s equation A¢ = —4zp in the domain D, and we adapt
d=¥= ¢ — ¢, to the Green's theorem (4), then

{ grad (g—) aV={ (44 grad ($— %) - d5.
D S:
If ¢,=¢, in S=aD{surface of D), then
grad(¢, —d,) =0in D, and ¢, =4, in D.

/11D 1
JI1IEI ] = on S
(111111 =eD

[Example 4.] An property of solution of Laplace-Poisson’s equation {(Ag = —dzp).
Let’s B, be a ball of radius r' and Se= 9B, a sphere of By, and ¥=1/r, then
AT =0 on D—B,.

Then by {5) (Green’s theorem!}

{ (/v grads — perad(1/r)-ds = § (ag)/r av,

S8, DB

therfore

- S purad(l/r)-ds =-—- S {(Ag)/rdV— S dgrad(l/r)-ds + S (1/p)gradg-ds

5 D—B- S 5
*S (l/r)gradé-ds .
5S¢

When r'—= (

dmg (0) =4z S p/r dV-H/rZS Ir /reds +1/r S grad ¢ <ds. (),

D 5 5

Moreover let D=B,, =S, and A¢ = —4xp then atthe point p =0,

{ wrad gras = { div grad ¢ av=—4z{ p dv=0,
S B, B.
and

46(0):]/1"25 S /r-ds
Sy
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, 1. e, the value of ¢(0) is decided by the only values on the sphere S;.

Conversely, the following potential

$H(x' vy, 2= S plx, vy, 2d/rix—x", y—y', z—20dV
V ! whole space

satisfies the Laplace poisson's equation Ag= —4dmp.

Becausc
§agav={ talmaval p/odavl av
B. B. VOB- VB
= S (divS grad{p/r}dVidv’ ‘-'AP‘S (pp/rp,p-)d\fp':(l on By
By VB

= S(S i faV) +ds”

= S(S p/r(lr/r +d$")dv
B. S

—Ax S pd\/ ,
and 1’ is arbltrary.

[ Helmholtz’ theorem 5.]
An arbitrary vector field E is represented as the sum of two vector fields grad¢ and rot A as follows !

E = —grad¢ —rot A
where ¢ is a scalar potential and A is a 3 dimensional vector potential.
Especially following relation are hold.
i) there is only a scalar potential ¢ such that [ =—grad ¢ iff rot [ =0,
i1} there is only a vector potential A such that E= rot A iff div F=0.
Because
Let's E = (By, Ey, E.), then each E%= { (E/r) dV(i=x, v, 2)satisties the
v
Laplace-Poisson’s equation AE",=-—4xE, by the above example 4,
and
E=—a§ (E/dm)av,
v
= —grad S {div E/dzr)dv+rot S {rot [ /d=r)dv.
V A\
Therefore we define a scalar potential ¢ and vector potential A as follows :
¢= { (div E)/4mr @V +divy
V > whole space

A= S {rot [ }/4xr dV t grady, +rot g,
v where x. is an arbitrary continuously differentiable function and y satisfy Ay =0.
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[Example 6.] (Potential of electromagnetic fields)
A electromagnetic fields [E and B satisfy the following equation :

rot E+8B/at =0 - {6)
div 1B =0 e (7)
div E =p e (8)
rot B—2E/at =1 - (9

From equation (7}, there exists a vector potential A such that B =rot A
and from this and equation (6}, rot{E+ 2aA/8t) =0,
Therefore there exists a scalar potential ¢ such that E+a84/at=—grad ¢
and equations (8), (9} vield to
p=div E
=—div(aa/attgrad #)
——3ldiva)/at—Ad
=—a/atidiv A+d¢/0t) —0 4.
Tdé=— [pt+a/atidivat+sg/av] .
I=rot B —3E/at
=rot{rot &) +2(0A/6t+grad $)/3t
= —AM+grad(div A) +32A/8t7+ 2lgrad ¢}/ 3t
=grad(div & +a¢/ot) —[A,
Oa=— [T-grad(diva +a¢/8t)] .

where each underlined parts means charge oE. /3t and current gradk,

§2. Gauss’ and Green's theorem on 4-dimensional time-space

4}

Proposition 7. (4-dimensional Gauss’ theorem}
A following formula is hold

SDE dVAdct= S (dS)E, U : 4-dimensional domain, 83U ; border of U

U aUu
where
=) &t 3 5,+ia, . .
D= — . = +a,i+ 3k
[ v [ay»-iaz a—a ) VoA
is a 4-dimensicnal differential operator,
E. E.+ Ex E,+iE; . .
_ _ —E(i+E,j+E.
E [ E Ey—iEz E[_Ex ’ [E I YJ+ k
is a 4-dimensional vector,
dv dV + d5 dSy+idSz] . . - .
dS= = SAdet=dS,i+dS 18,k
[ dSAdct] [dsy-idSz Qv g, | > oAl thaS e

is a 4-dimensional surface element, and
dVAdct = dxAdyAdzAdet
is a 4-dimensional volume element
dV =dxAdvadz
dS, =dvadzAdet, dS, =dzAdxAdct, dS, = dxAdyAdct.

-+ {10)

And D, E, dS(matrix)and dVAdct (scalar)is transformed by the Lorentz transformation®.
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Proof
Let a Lorentz transformation of the moving coordinate (x-direction) be
ct’'=y(ct— Fx)

X' =y{x—fct)
Y=y
= z

Then the transformation of dVAdct is
dV'Adet’ =dx’AdyAdzAdet’ = y (dx ~ Bdct) AdyAdzA v (det— Adx) = 42 (1 g9 dxAdyAdzAdct =dV Adct,
and the transformation of dS=(dV, d§Adct}is
dV'=dx’Ady Adz =yi{dx—gdect) AdyAdz =y (dxAdyAdz— gdyAdzAdct) = ¢ (dV — 3dS,)
dS' 1 dSe=dy Adz Adet’=dyAdzAy (det— 8dx) = y (dyAdzAdct — gdxAdyAdz) = ¢ (dS, — 2dV)
dSy=dz Adx’Adct’=dzA y(dx - dct) A y(det—Adx) = y* (1 — g7) dzAdx Adct = dS,
d3,=dx'Ady Adet’=y{(dx—gdet) A dyA ¥ (det— gdx) = yi(1— A5 dxAdyAdct=dS,.

We represent the integral equation by the four compenents then

E t
N L AR L
U aU ¢ E
. SE +divE ] - [ E.dV+E-dsAdct ]
S { gradE. 4+ &[F —i rotE dVAdduS EdSAdet+EdV+iE xdS Adet | .

u 2l

This equation is the same as the Gauss theorem {1), {2}, (3) as follows :
Real part?® is

S (8E, +divE)dVAdt= S E.dV+ E-dSAdt
U aU

, 1. e,
i) §aBdxAdyAdzadi= | EdxAdyAds,

U au

and

i) {divEdxadyadzadt= { E - (dyAds, dzAdx, dxAdy)dt.
U au

This formula is the same one as Gauss’ theorem (1).
Imaginary part? is

{ (eradE. + & —i rotE)dV Adt= { EdsAdtt EdV +iE xdsAdt
U 3U
, Le,
i) [grad EdxAdyadzade= S E.(dvAdz, dzAdx, dxAdy) Adt.
U aU
This formula is the same one as Gauss’ theorem (3).

i) {8Edxadyadzadi= | EdxadyAds,
U au
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and
iy { rot Edxadyadzadt= § (dyadz, dzAdx, dxady) Adux E,
U au

This formula is the same one as Gauss' thecrem (2).

q e d

Proposition 8. (4-dimensional Green’ theorem)
A following formulas are hold

Tr [S(DAB ] -Tr { [dS{DBIA)]
20U oU
=Tr{ [(OAB)] dVAdet—Tr { [(OBIA] dVadet.
U U
And L
Tr st DR A ] =-Tr{ (1B A)] dVAdet +Tr § [(DA) (DA)] dVAdet.
aU U U
L where ()= v* - 3%/3t%, v=28/ax i+9/dy i+8/dz k.

Proof
We can calculate directly as follows® :
Tr (D(DAB)]=Tr [(DHAB)]~Tr [(DA) BB)]
Tr [DODBE)A)]=Tr [(DBB)A)]+Tr [(DB) DAN] .
and
Tr (D(DEYB)]~Tr [D(DBIA)]=Tr [(JAB)]-Tr [(OBA] .
We integrate (14 on the domain U, and 2U then
Tr S [dS((DA)B)]—Tr S [dS((DB)yA)]
au au

=Tr{ [DUDAIB)] dvadet—Tr { [D(DBIA] dVAadet

U U
—1r { ((3HB)] dVAdet—Tr | [(OB)A] dVAdet
U U
Let B=A in (3 and DD~ — JE(E : unit matrix), then

Tr [D(OAA) | =Tr [ODRA)]+Tr [DA) DB)] .
And integrate these (15 on the domain U, and &1 then

Tr S dS((DAYAY=Tr S D((DAYA) dVAdet
au U -
=-1r{ TR avAdet+Tr | [(DA) (DA)] dVAdet.
U U

§3.  d'Alembert equation

- (1

q. e. d.

Proposition 9.

The following formula is holds for a potential ¢ (ct, X, ¥, z}in the d-dimensional time- space !

{ (@g)/r dV - (grad ¢)/rd$ +4 grad 1/r-dS = - { (g)/r dVadet
‘ (U, - U U,—U;

where dV =dxAdyAdz, d§ Adct= {dyAdz, dzAdx, dxAdy) Adet, dV Adct =dxAdvAdzAdet.
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Proof
In an equation {14 (Prop. 8}, let K=(xy z}
_| (i J
A= A and B- [ 0
then
LIB=0

And when r>1" >,
Sr= {(T |, X¥/|X|=r, ¢T= -1} : sphere
Tr= {(eTrct, X)/|X|=r, ¢T=—r, 0=ct <t}
Bi={(T |, X)/|X|=r, —r=cT=0} : ball
U= {(cT+et, X)/1X]=r, —r=eT=0, 0=cts 4t} .
Therefore

e A N N B IC R IEENT

—_Tré[DU[é A] ] [UrOJdVAdct.

ct

(2g)/r 0 '
Tr fas- ( [ —(gradqs)/r} - [ —grad 1/r 45} )

a(U.—-U»
. (diva)/r —grad 1/r+ A

JrTrSd&"([—(afA)/r—i(rot/A)/r] B [ i grad I/FX/AJ )

a(U.—U»n

@ 1/r
~=Tr [D[ A] . [ UJdVAdct
U, Uy
dv

where dS= [ 45 Adet

and
dV=dxAdyAdz, d$Adct= (dyAdz, dzAdx, dxAdy) Adct, dVAdct =dxAdyAdzAdet.

Therefore
§ (3)/r dV—((grad ¢)/r— ¢ grad(1/r)) - Adet
a(Ur_Ur')
+ § ((ivA) /r+ A-grad(1/0))dV - (8 A) /reds Adet
a(Ur_Ur')
qiS ((rotA)/r— axgrad(1/r)) +d§ Adct= — S (Cl¢) /T dVAdet
a(Ur_Ur') U.-U-

The 3rd and 4th term are
S ((diva) /r+ a-grad(1/1)}dV — (3 A) /r-d§ Adct
a(U,—U,)
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= Sdiv(A/r) dV — (A} /r-dSAdet
a(Ur_Ur)
={.
The 5th term is
S ((rotA) /r— Axgrad(1/r)) -d$ Adct.

a(Ur‘_Ur)
= {rot(A/r)-ds Adct
2{U,—U»)
= { div rot(A/r)¢VAdet
U,—U-
=0.
Thetrefore
[ (ag)/r AV~ (grad ¢)/r-dSAdct+ @ grad 1/r-dSadet=— | (1) /r dVadet
a(Ur_Ur) Urfur'
q. e d
Theorem 10.
Let [qf’ B ] be a solution of the Laplace-Poisson’s equation in 4-dimensional time-space | i, e,
@ 2
=—4
- [ — A ] * [ -3 ] ’
then this solution satisfies the following formula
43['25 ] =1 |” ] (—r, P)/rdv, ,r=0P
—A -7
B,
+1/r* [ ¢ ] (Ir /) ~ds
— A
S
+1/r{ [(ds-grad) [‘6 ] +a I“S } (Ir/r)+ds .
—A — A
| S
Proof
In proposition 9, when r>1r' >0
S (&g /r dV—(grad ¢)/r-dSAdet+¢ grad 1/r-d§ Adct=— S () /r dV Adet e {19
a(U.—Uy U,—U,;
where dV =dxAdyAdz, d§ Adet= (dyAdz, dzAdx, dxAdy) Adet, dVAdet=dxAdyAdzAdet.
Let % )
= z
Sese= {{cTH+8t X)/|Xf=r, c¢T=—r} (x. ¥
S, = {{cT+et, X)/|1X|=r, cT=—r, 0Sct=4t} dgadet— )
Bon= {{cT+0t, X3/|X|=r, —~r=cT=0} ST, S
U, = {{cT+ct, X)/|X|=r, —r=cT<0, 0Lct=4t} . / fﬁ/
/
We divide the both side of (1§ by &t and 1 ; /Ur// Br
¢t — 0 then d\; ////
U,—B., and /1] ct
0
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dVAdet =dxAdyAdzAdet ~dV =dxAdyAdz on B.,
TS, and
dS=d$§ Adct—d$ = (dyAdz, dzAdx, dxAdy)on S..

Therefore

{ @)/ av- { @ag)/r dv—{ @) /r av,
Br..n Br BT
{ (gradg)/rdv — { (eradg) /rdv— { (3 gradg)/r av,
B B. B.
S ¢$grad(1/r)dvV — S dgrad(l/rydv -» S (8] grad(1/r)dV,
Br,d‘l Br Br

Then

1st term is

§ @@)/rav—{arg)/rav
a(U,—Us)  B.—B,

2nd term is
- S (grad ¢)/r-d$Adct—— S (grad ¢} /redg — S (3 grad ¢)/r«dSAdet+ S {grad ¢)/r-d%
a(U,—1,} S, B,— B~ Sy
3rd term is

{ ¢ grad(1/v) -dsndet— | ¢ grad(1/n)-d5+ { & & grad(1/r) -ds Adct - { ¢ grad/n -ds

a(U.-U.) 5 B.— B, Sy

and right side term is
~{ e dvadet—— [ (1g)/r av

U.-Up B.— By
Therefore

S (8°¢)/r dV
R.— B, )

— { (grad ¢)/reds— | (3 gradg) /r-dsAdet+ { (grad ¢)/r-ds
S, B, B, S,
SQS grad(1/r)-ds + S ¢ grad(1/r)-dS Adct— qu grad(1/r)-ds =— S {d¢)/r dv
S, B.—B, 8 B.— B,

where d$ = (dyAdz, dzAdx, dxAdy), dV= dxAdyAdz

We transform the above underlined part as follows :
On the light corn B, --B,,
d§ Adct= (dyAde, dzAdx, dxAdy) Adet, ct=r= (x2+ yi42z2) Lz
= {dyAdzA (xdx)/r, dzAdxA (ydy) /r, dxAdyA (zdz) /1)
=(x, v, 2)/r dxAdyAdz
= /rdV
then
{(aig)/rav - S (3 gradg) /r-dSAdet+ { ag grad(1/r) +ds Adet
B - B~ B,—B. B.—By

83
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= S (@*@) It /r-Ir/r*—grad (3g) » ¥/r*— (@) div{Ir /r5)dV (7 div(lF/r®) =—grad(1/m)- I /1)
B, —By

__ S divee, ((Bd) IF /r2)dV Crd=ad(—r x y, z)on the light corn B.—B,")
B, ~B,

=—{waer i/ -ds + fcag)ir/m-ds.
S Sr
Therefore the formula (19 is
— { dgrad(/ry-ds =— { (LUg)/r dV - { garad(1/r) -ds
Sr’ Br"'Br'

+ \ [(grad ¢} /r+ (e} lr/r*]-dS

+\ [(grad ¢)/r+{aug)lr/r*]-ds.

S
Sr
s,
When r'—0

the left side term is

— § gerad(1/m)-ds =1/ { ¢ ir/r'-ds —de (),
' Sr'
4th term in the right side is

| — S [{grad ¢)/r+ (&) Ir /r2) ]-dS|=1/1"] S [(grad ¢+ {a¢) Ir/r)]-d$ |
5. ;

o

S
=4ar’ ma[)‘}{grad Ger/r+2¢|

T

-0,
and (g =—p,
therefore
1 ) = §p/r av+1/2{ g(r/m)-ds +1/r | [grad ¢+ (ag) 1/7]-ds.
B: Se S

‘Especially at the peint =0 then

dmgp () =1/1° S (¢ Ir/r)-dS —l/rS (S )div(Ir/r}dV.
S B,
Because
divy_|grad ¢+ 84 Ir/r]
=[div grad ¢ —agrad ¢+ IF/r]+[grad(a¢}-Ir/r—a2¢+ (&g divilr/r)]
=_¢+ (ag)div( /)
== pt(ag)div(l/r)

We apply this formula to cach component of A then

damio) = { T/r aV+1/e (A -ds +1/r § [(r/r-grad) A+ (84)) (/o) -dS.
BI‘ Sr Sr
Therefore

¢ ] P
47:{ 7/AJ(0):Sf 73](—r,P)/rdvp
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+l/rZS [ ¢
Sr

+1/r5\ [ (w/r-grad) [qﬁ 7/A}+a[¢ _&H (Ir/r)+ds .

_A](wnds

§4, The existance of a potential

q. e d.

Proposition 11.
i) A matrix formula

Sl )l ]

is equivalent to the following ones ;
Real part is
¢ =div grad ¢ — 3¢/ 3%,
o/at divA —div 3A/at—0, div rotA=0.

DD

Imaginary part is
[ZA=grad diva —rot roth —2*A/a4,
d/at gradeg - 0/0t gradg =0, 35/8t rothA—rot 3A/5t=0, rot gradd =0.

\ B (@
DD{ —A]:DD{ ,A]
is equivalent to the following ones :
Real part is
a/ot(g) = 1{(a/at ¢}, div(Oa)=[I(diva).

Imaginary part is

a/at(Ia) =C1(a/8ta) grad([1¢) = (grad ¢) ,rot([1A) = (rotA).

i)

Proof
Far i)
/ i
DD{QS ] :D{aq& at+div A .
— A —gradé — A /9t —1 rotA

3/ot{a¢/ot+diva) +divi—oAa/at—grad ¢ —i roth)
= [ grad{d¢/at+ divia)+8/8t(— A/ dt—gradg —i rotA)
—irot{—3A/at—gradéd —i rotp)

[ {2%¢/ 0%t —div gradg) + (8/3t diva—div aa/a8t) —i(div rota)

—{(2°a /0% - grad divA +rot rota) — (grad 8¢ /at— /0t gradg)
—i{8/at rothA—rot A/Ot) —i(rot gradg)

o
O
h=
[
>
i

'[amfvpl{é —A}

- { a/ot(1é) +div([a)

—o/ot((Ua) —grad((dé) ~ i rot((1A) 1,
and

|
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< [qﬂ J _ [Ll(aqfv/at)+ﬂ(divk\)
— A

—J(aA/at) —(grad ¢} —i [(rota)
q. e d.

| Proposition 12.
Let [ ¢ _a J be a charge and current on the space time then a retarded potential,
then
¢ Q=" {ct—r, P)/rdv,, r=PQ
A | ' '

V . whole space

satisfies the Laplace-poisson’s equation

& _ o
U[ —/A]__h[ —JI].
Proof

Let X=(x, v, 2)
Sea= {(cT+6t, X)/|X|=r, cT=r}
T = {{cT+et, X)/|X|=r, cT=r, 05ct= st} 5, T, S,
Brao= {(cT+4at, X)/|X|=r, 0=cT=r)
U = {(cTHct, X}/|X| =1, 0scT=r, sct=< 8t}

VB /{70 By,
////////

Let p, A be stationary charge and current

and r’ is arbitrary then

Sm[‘b JdV’ Adet’
e - A

ct

:S [JS{ I]/rdwmg[” _I]/rdV] av’ Adet’
U vnB. V\ By

—{o(§ ¢ [" g ] /mdV)dV’ Adet :'US[” 73] (ct—r. p)/r dV,=0
Uy By VAN:E

- dS’( D [

5]
~={¢ SdbD([ Il]/r ydv’
)

BralU,.

= SSd%D([ 3

BraUy

o S[d\ I [a(p/r)+div(wr) J ) av-
N S ( ds’Adct’ —grad(p/r) —a (¥ /1) —i rat{ J/r)
' aly
dV'ia{e/r) -f-dlv(lr/r)) +d§ Adet’{ —grad(p/r) ~ 3 (T /1) —i rot(J/r))

== (5[ d5°Adct’ (8 (p/1) +div (T/1)) +dV'(—grad (p/r) — aur/r)ﬂmt(ar/r;)])dv’
Be 5u. —id§ Adet'x (—grad(p/r) — & (J/r) —1 rot(T/1})
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When &t—0, then

{0 [‘ﬁ B ]dV’
B, A
ds’(—grad{p/r) —i rot(J /1))
-1 (S[ ds’(div(J /1) _ ydv'
B g, —idg x (—grad(p/rt —i rot (J/r))
P
=—4 dv'.
”S[ -7 ]
By

q. e d

Theorem 13.
An arbitrary 4-dimensional vector field(E,, E}in time-space is represented by the some 4-dimensional
vector potential{¢, A}as follows :

Ei= 3¢/58t +divA

E=—grad ¢ —8A/5t—irothA

Proof
The Laplace-Poisson equation
0 [Et ° N E ]
= —dx
E E

has retarded potential as a special solution, i. e.,

ST

V, © whole space
We substitute this solution into Laplace-Poisson equation and

let Ao ] is an arbitrary 4 dimensional vector such that [ [xn ] ={.
X X
then
E E. o
[ ' ] :—1/47r-US { } /rdv+[][x }
E E x
Vo
o E[ = Ao
=1/4x-DD { /r dv—DD
E x
Vs
i El Xo
=D(1/4=x-D /T dv—D )
v E X
_ I ¢ }
=D
A
i e.,

E.=diva +ad/ot
E=-—grad ¢ —3A/3t—irot A.
And
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é E .

{ } —-:flfélrr-DS [ ' ] /rdv+D {x ]
A v E X

, 1. e, G .

$p=—2a/at § T dV —div S o dV—div x + axo/ Bt

— - { A ELORIB gy div 48/,
E E . E .
A =grad S 47;r dvV+2a/at S 4—?[[_de1 rot S pp— dV —grad y,—9x/ot+1irot x

:S grad E.+9E/ot—irot E

in dV --grad y,—9x/0t+1r1ol x.

q. e d.

Corcllary 14.(Helmholtz' theorem in 4-dimensional time-space.)
i) (E. E)is represented by only scalar potertial ¢ as
E.=ad/3t
E=—grad ¢
iff
ROT(E., E)=grad E.+9E/ot—i rot E=0.
i) (B, [F)is represented by only vector potential A as
E =div A
E=—8A/8t—irot A
ill
DIV(E,, E)=3E,/at+div E=0.

'_Corollary 15. (3-dimensional case}

An arbitrary 3-dimensional vector {ield E --iB{ie, E,—= () in time-space is represented by the some

4-dimensional real vector potential{¢, A)as follows :
E—iB=—grad ¢ —oA /ot—irot A.

(Example 16.) (Potential of electromagnetic fields)

rot E+2B/3t= 10 e {8)
div B =0 e (9)
div E =p o (10
rotB—oE /at=7 SN 11

We transform above equations as
(R xi—() is
A(E—-iB)/at—irot{ F—iB)=— J(real)
—{9) xi4+{0 is
div(E—iIB} = pf{real).
Therefore,
there exist a 4-dimensional vector potential(¢, A )such that

E-iB=—grad g —oA/at—irtot A



—
=1
——
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where

R

= 3E,/8t—irat E . T
A= S dxr dv=- S dar dv.
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