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The inside of the Bohr radius
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Department of Mechanical and Electrical Engineering, School of Engineering,
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Abstract

In this paper, we seek the orbit of electron which “inside” of the Bohr radius by
solving the equation. There orbit is between 7, (the Bohr radius) and 2R, (the horizon
of the electromagnetic force). The minimal radius orbit by the resonance is a Bohr orbit.
However, by the “apsidal precession” resonance, there are some orbits inside of the

2 Bohr radius in the nucleus,

1. Preliminaries

1.1 The relativistic Bohr radius and the horizontal orbit
In the classical, we get the Bohr radius # by the balance in the orbit,

myv? ko
—tL(the centrifubal force) =—"—(the central force)
i A
mg’ilﬁz = .‘i:ne2 ; M
And by the Planck constant i.e., angular moment /1= 2m,zry,. )
2
Therefore, the Bohr radiusis » = +-~2- =5.2023%107",
Qa) mke

But in “the relativistic” case, we use the relativistic angular moment as the Planck constant

k.e* det

v =
Then m,r, (—p==ae)’ = ~% (==)? and nh=2m gy, —=22 for n=1,2,3,..
Vs ¢ dr
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ket 2mem,Y'r) - (neh) mr, + kye* (nh) =0

CH

We solve the above equation, and then we get the orbital radius of electron

. (rch)m, + \/ {(nchY m,}* —dke* (2rwem, ) ke’ (nh)?
g 2k,e* (2mem,)

(P L+ L (R s)

227) ke*m,

(Cf. », =————— inclassical),

2
1)
¢ =5.29137856x 107", Moreover the

Especially n=1, we get # =

2027 ke’ m,
formula (5) of #, valid for »<1 and indicated the limited radius in a circle orbit.
2 2
That is to say, when the case (m)2 =1, then n = drhe 1 , therefore
nhc he 68.5165

) .
" 202xVketm, mc’

e

(=2R,)=5.636x107" is the limited radius as “the Sch

warzschild radius” which says by gravity and in this point the speed is V=—(-}-—

5

ke v
We put the horizon of the electromagoetic force R;= 0 = rl(—l)2 , then
m,c
v
5 —1)? =0.0000532513 is “the fine structure”. And this point is minimal point of the
FoooC
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Fig. 1. The energy function.

The inside of the Bohr radius

1.2 The resonance of circle orbit

The Enetgy of which shift is the parabolic orbit into the circle orbit at any radivs #,

me?

é E — 2 ———— & [ —— 2 _ 5 —
[kgnis?] U v ¢ : 2 my = hﬁ'[kgmzlszjv [“]( h[kgmzfs]v[ff])' ©
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1-()
c

‘We considered the harmonic oscillator which frequent is v and its energy is 4,

Shkem? f52] "
Then, the radius  is o= 1211_; = ___2]12_ =L % =l 2h, .
k Cavym, 2rv\im, o\m,

And the speed is v, (constant) = aw = ’_Zfz_i (=0.0381416,,,,)-
mB

%(Zr)v

v _ Speed of area ”
22(2r)  7(2r)’ ° Adreaof circle

where, Vv, is the frequency of radiation light of the Bohr radius.

And we put the surrounding frequency V=

5 1 5
Then AE=hy' = 5 myy v (R = Emev(f)

= % my* = %me Q2r2rvy  (v=272rW)

2 2 2
= lme(Zﬁ(Zf]);1)2 x| = = 2y, v X Y= hev ad (;1-= V).
2 W 51 Yy k¢!
(Example)}
() When x=2 -1, v, =3.2898x10", ,
v

AE, "':.-Enfwl2 = %mvl(%r@r,)vl ) =2mmnyv,.

- N
v 1
(ii) When = % =2, V, = 2—; =3.28984x10°,,,x i 8.2246x10",,
! 1
(AE, :)Emvzz =M, (27(2n,)v, -~2~) = 2mwmr,v, - = 27mRY, V. (8)

h

Fig. 2. The specific elliptic orbit.
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v 1 here C, is the speed constant for the energy function and C  is the area speed constant.
() When x=2op, v, =—=328984x10", x o Where Gy P 2y p
1 1 § 1 1 i The main equation is
) gyt = )= —y o= :
(AE =) > my, 5 mv, (2z(2r, v, n) 2amr,y, ” v, =20mEV V,. ) dr det ., - dg., .dQ., :
— (o) = (G = (eosh Oy~ (o) -
Moreover this system valid for the opposite directionx = n =1, CYEU and indicated the radius i 5
c, =+ C ke -
=(-Ser Y (-2 -1, R, = —-Q——z 81795x107""m (11)
. ‘ 1 drk,e’ 1 c cr .
in a circle orbit. We put x =5 =— by the fine structure, », = A .
68 he 68.5165 And we get the relation from the metric.

Then #, = 6.42435x 107", dr 1 B I

7 The Orb Rauation v \jl - (%)2 ~(roosh @2 22)2 e 32 , \/1 B (dct)2 t~{rcoshd jfz")z
dr d@ dy  dr dQ
Th . 2. 2 2 2roe 2 2 2 ) Bv th |ati reoshQQ —y e
e metricis ds det” +dr’ +77(sin” 8de” +d6%) y the relatton —— o d S d - eodh iy

We consider the two-body problem concerhed with the nuclear and the electron as in one (The angular velocity)

hydrogen atom. It is assumed that the electron moves on fixed surface. Therefore, we put .. dr .
When the curve »=r(f) is given, i is catculated
ct

g = %— i), Q is a parameter that relates to the angle of rotation on the orbit.
d(D C de dr
Then the metricis ds*(=—dez”)=—det® +dr® +#*(cosh® Qdg® ~ 407 (< 0) — (— #) \/( sh Q (d—) = cosh QE 1-( ot s (12)
cf=ct (10) " is given
x=rcoshQcosg
and the polar coordinate is (¢,7,€), @) , | p=reoshQsing dr CRER
iz = irsinh Q Then 7y =—r,|=1+r? C—Oze -y = is a “orbit equation”.
Then we get the equation of Kepler's type.
det e , And the orbit speed
(a) m, c—d—;= m,cCye™" " - (the conservation of energy)
do, C de., da. de dr
i)~ ke?z i“ Y(tenh Q— rcoshQ—) coshg(ﬂ) " = 7) = \j (rcosh Qa) —(r ﬁ?) = r cosh Q-d—r— 1- (E) .
++ (the structure of space) C
2 dp., _ g& Ty -
() #*{(r COSth—z’) (r d'Z') } = C*---(the law of equal areas) - rooshO jg) _ cF - (13)
(d) mshggﬂ ~ C'cosh®(0), rZ—Q = Csinh@ cT /1 _ (‘L’”)Z
; r det
O= j'( kein dot inh.Qd—(p)dr ------ (the infernal rotation)
mor dr de iz d @ C
z rcoshQ—— dg —
And more f det = =y costh—— = ——-9%— .
~— | . ¥ @2 cT f 7.2
7 rendde \/lm — ) jJI—(rcoshQ—— 1—{—-
N (dct) ( dcr) (dct)
7
¥ Therefore,
X

Fig. 3. The sphere type. Fig. 4. The anti-de sitter type.
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rcosh.Q.—z 1- (rcoshQ—) =

\/ . (14
Jl Sy ,}1 Sy

(The speed constant for energy function and the speed constant)

dt I 1+(£)2
F s (15)
¢ \/1 (2 ) |- (rcoshQ ¢’) \/1 9 )2
C, dt & 1 =
——=ae - dr d °
¢ \/1—(——)2 1—(rcosh @S2y
der dct
C
1 Ry 1"!‘(*)2 _
= C e =—;r e .
. A 1- (e (16)
1~y f— sty det
det C
T+ (—)
cr
Therefore
C.
1+(—
oy =(—°")e"2% — ) Sy
c dr c -+ cr
1-(-) . —
det dr
_(d—ct)
{(Example) The circle orbit
When €= ¢, (Constant) -'-@=0 dr = 0 (Circle)
dr det

Then the equation of Kepler's type is
ﬁeQ

melr

{a)m c%]—r— m,cC,e™ " - (the conservation of energy)
T

ke dot

27 dr —){tanh £2— ¥ cosh Q (p)cosh Q(—) (the structure of space)

®) 0=-(=

(e #*(rcosh §l—d£)2 =C* ... (the law of equal areas)
T

(d") +* cosh Qg—g =((20),0=-Csinh®

0=- I( keQ dct -~ sinh Qii)dr ------ (the internal rotation)
T

Where C, is the speed constant for energy function and € is the area speed constant.

tanh ) = rcoshQ%

in the circle and sinh——

dt | !
dr \/;~(rcosh9d£)2 Jlﬁﬁ
det r

c, &
<
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The main equation is

:(r_
C

_ﬁir_) (dCt) —r*(cosh Q2 qu) -1
der dez der
&
Co vy Syt r =2 20 81705%10m.
Cr m,C

[

Then we get the relation

det (17
do _ keQ det
dr  mc’r’ dr

by the equation (b") ,{(d") of Kepler's type.

Then,
R
tanh Q) -r cosh Q—— do =rs nthgp L (18)
det det mer r
; Ry
Therefore, we get the relation: tanh Q= [—-.
F
R
Then, coshQ = ! = ! Cosinh Q =tanh Qcosh O = F——,
Vi-tanh’Q JI_RQ R
r i
{=cosh Q). 19

ircle orbit which has no rotation i.e. £2=0 js not exist,

Especially for #=2R, ,

R _ (R _ 1 1
tanhQ—\/_:—\/—z;O \/E,coshQ \/ & \/ X \E

1-
r

sinh Q = \/7 UzRﬂ (20)
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3. The flower orbit

1
The orbit equation for . is

dr oA TN .
( 7&” Y = = )Zs(C—"ze r —V—Z—F)e r,df=¢ *dd.

And the orbit equation for » is

Ry

ET RS &
dr =—r\/—1+r2%’2—e r —rz—z;e",dé’:e rdd,
e "dd

We get the solution of this equation of inside of the Bohr radius.

(Example 1) The case &’ =1.25(=5/4)

When the (classical) circle orbit ( which is not exist } in the radius » = 2R (= 5.63588x107")

and =0, i.e, thisis not consider 2.

The speed constant foe energy function and the area speed constant are,

RO Ry
r 2R, "
C =2¢R, —de—==2cR, =1.6895944905201704 x10°m .’
1 Ro / R
e 2R,

= © 2Rﬂ =~f2ce 2 2 =2.5715114345599952x 10" m/s.

T

sx1071%

sx107° 1o ™ sw10™® 107

Fig. 5. Ex.] for 0= 027 . Fig. 6. Ex.1 for0= =2z x4,

The inside of the Bohr radius

Then the solution of the orbit equation is

Sr=-2 .817940287410717 *~~15 +
. 1.4085701437053578 *~~14

1+0.5667500227486313" 1 Sin[1.118033988749895" o]

And the real part of this solution is

g = -2.817940287410717" *A-15 +
1.4089701437053578 " %A=14

1+ 0.3212055882855739" 8in2[1.118033988749895" €]

Cand @ =1.25(=5/4).

10 —5x107® 5x107% 1x107Y

-2.5x107%

~5x1071®

=15

Fig. 7. Ex1 fora =0.

..:(Example 2) The case & =1.2(=6/5)

G, =2.67321x10°m/s,C =1.88902x10°m*/s.

Then the solution of the orbit equation is

r=-2,81794028741072 %" -15 &+
1,.6907641709345915" **-14

Therefore the coefficient of apsidal precession is o =1.118033988749895"

When the apsidal precession is zero @ = 0 then the figure is as follows.

And the real part of this solution is

r=-2,81794028741072 **-15 +
1.6907641709345915"+~-14

1+0.4789167960708896" i Sin[1.0954461151082842" 8]

1+0.22936129755880608" Sin2[1.0954451151082842" 9]

™

(24)

(25)

When the (classical) circle orbit in the radius # =1.01954x10™™ which is the minimum radius

" of charge. The speed constant foe energy function and the area speed constani are

(26)

@7
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Therefore the coefficient of apsidal precession is « =1.0954451151082842",

and o =1.2(=6/5).

Fig. 8. Ex.2 for05 =27 x5,

The case @ =1.1666666666666666-(=7/6) and a” = 1.1666666666666666--(=7/6)
are close to shape of the Example 2, and the next Example 3.
(Example 3) The case «® =1.125(=9/8)

When the (classical) circle orbit in the radius # =1.92421x10™* which is the minimum radius
of charge. The speed constant foe energy function and the area speed constant are

C, =2.802879x10°m/s ,C = 2.389447 x 10’ m’/s .

Then the solution of the orbit equation is

r=-2.8179402874107173" *-15 +
2.53614633104316° **-14

1+0.36467280089849763" i Sin[%1.0606601698880804" 6] (28)

And the real part of this solution is

r=-2.8179402874107173 **~15 +
2.536146331043167%~-14

1+ 0.13298625171515513" 8in? [1.0606601698880804" 6]

(29)
Therefore the coefficient of apsidal precession is & =1.0606601698830804",

and o =1,125(=9/8).

The inside of the Bohr radius

4 Conclusion
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