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Abstract

The Bohr atomic model is well-known for a hydrogen atom. The relation between an electron orbit

and the light emitted from an atom was mostly solved by the Bohr atomic model. It is the purpose of

this paper to show the Maxwell equation and an orbit for the equation of motion.

Authors derive the equation of motion of an electron by the modified Maxwell equation and try to

improve the Bohr atomic model with the theory of relativity. We draw a better approximation as the

result.

1. Introduction

Since the finding of " the matrix vector and the Lorentz form ", the method has been applied to the

Maxwell equation. We get the modified Maxwell equation including the time component. The

authors extended the scope even to the " Electromagnetic and Gravitational Theory " and the " New

Concept and Basic Tools " which treat the movement of planets and the Lorentz transformation. This

time, an extended atomic model will be presented.

2. Preliminaries

2.1 The Maxwell equation by the Lorentz form

The existence of the time component tE in the electromagnetic field icE B , the

four-dimensional electromagnetic field for the derivative of the scalar potential  and the vector

potential cA are as follows:
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Thus, the electric field is
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Furthermore, the magnetic field and time component are

0B and 0tE  .

In this case, the electric field of the 4-dimensional is the same result as using the 3-dimensional

potential 1( , , )
4

QV x y z
r

  .

2.2 The 4-dimensional Coulomb - Lorentz force

The 4-dimensional electromagnetic field receives the 4-dimensional force on the charge density 

and the current density stream sj as follows [1], [2]:
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where e is an electric charge, e is a relativistic charge, e is a stream charge and e is an "

en bloc ".
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Here,
0

1k =
4

is the Coulomb constant,
0

1=
4 r 

k , 0 is permittivity of the free-space medium,

r is relative permittivity of the dielectric medium.
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Moreover, we get the formula between the moment and the impulse that the 4-dimensional force is

obtained by integrating time.
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The underlined part is null when the center electric charge is stable.

3. The equation of the electron in atom
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The acceleration vector by the spherical coordinate is
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We can rewrite the coordinate ( , , , )t x y z by the coordinate ( , , , )t r   .
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Fig 1 The spherical coordinate.

Theorem 1. The equation of an electron turns around a positive charge.

The relativistic invariant equations of motion by the coordinate are
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The above underlined part is related to the Example 2.
The metric is 2 2 2 2 2 2 2d dc d (sin d )s t r r d       .

We consider the two-body problem concerned with the nuclear and the electron as in one hydrogen

atom. It is assumed that the electron moves on fixed surface. Therefore, we put i
2
    .  is

a parameter that relates to the angle of rotation on the orbit.

Then we change the imaginary parts to the real and get a real coefficient equation.
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Therefore we get an equation of Newton's type.

Theorem 2. The system of Newton's type.
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We translate the above equations of Newton type into the equations of Kepler type.

The metric is 2 2 2 2 2 2 2 2d c d d (cosh d d )s t r r        .
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(Proof)

(1)' The conservation energy(cf. Example 1 below).

From the equation
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(4)' The rotation on the orbit.
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(Q.E.D.)

4. The Examples

(Example 1.) The difference of energy between two orbits.

This equation (1)' in this system means the law of the conservation of energy because the energy
function is
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where the underlined part is the kinetic energy and the potential energy.

We consider the case of a hydrogen atom and the surrounding electron orbit is a circle.

By the formula Theorem 2. (2) When
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n

e n

eQv
m r


k

.

Then 2 2 2(2 c ) ( ) (c )n e
e n e n

eQ eQr m nh
m r m r

  
k k

2 2 2 2(2 c ) ( ch) ( h) 0e n e neQ m r n m r eQ n   k k .

Therefore we get the orbital radius of electron

2 2 2 2 2

2

( ch) {( ch) } 4 (2 c ) ( h)
2k (2 c )

e e e
n

e

n m n m eQ m eQ n
r

eQ m



 


k k

2 2

2

4( h) (1 1 ( ) )
hc

2(2 ) e

eQn
n

eQm





 


k

k
(Cf.

2

2

( h)
(2 )n

e

nr
eQm


k

in classical).
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Especially 1n  , it is obtained that

2 2

11
1 2

4 kh (1 1 ( ) )
hc 5.29137856 10

2(2 ) k e

eQ

r
eQm






 
  

(Cf.
2

11
1 2

h 5.29166 10
(2 ) k e

r
eQm

   in classical).

Moreover the formula of nr is indicated the limited radius in a circle orbit.

That is to say, when the case 24 k( ) 1
hc
eQ

n


 , then
4 k 1

hc 68.5165
eQn 

  , therefore

2
15

2 2

( h) 2k 5.636 10
2(2 ) k cs

e e

n eQr
eQm m

    (the limited radius).

And this value is obtained also by the Energy function.

2
2

c
0

2

c( )( c ) ,
1

c

e

eQ
m re

e

e

mF r m C e
eQ

m r



 


k

k
because

2
2

c
2 2 2

3
2

1 2'( ) (1 ) 0.
2 c c

(1 )
c

e

eQ
m r

e e

e

mc eQ eQF r e
m r m reQ

m r



  


k
k k

k

Therefore, the minimum point is 2

2
ce

eQr
m


k

.

(Example 3.) acceleration.
The electronic movement is mostly determined by the proton electric charge of a central nucleus.
Then its acceleration is

tf
 
 
 
 f

d
c( , , )dc x y z

E
p p pt

 
 

  
 

Fig 2 Schematic diagram of the electric movement.

( ,0,0)x



(0, ,0)yv
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0

( ,0,0)

0 c
( ,0,0)

(0, ,0)
c
yx

x

u

e
uE

 

 
 
  
   
  
  

0 dc
c dc
u t


  ,

d d d
c d dc dc
y

y

u t y y
t


 

  

0
( ,0, i )x x

e
E E 

 
 

   
,

2

2 ( )e y y
x e y

m v veQeE m v
r r r

    
k

.

Therefore the 4-dimensional force ( , , , )t x y zf f f f on the electron is 0tf 
.

2

2
2 2 2

1 1 d ,
d

1 ( ) 1 ( ) 1 ( )
c c c

e y e y y
x x x

y y y

m v m v veQf eE p
r r r tv v v

        

  

k

2

.
1 ( )

c

e y
x

y

m v
P

v




0yf  ,

2

2
2 2

dc ci i i i ,
d

1 ( ) 1 ( )
c c

y y
e

y
z x z

y y

v v
m veQf eE p

r r tv v
       

 

k

2

.
c

1 ( )
c

e y y
z

y

m v v
P

v




where 3

d
d

y

e

v eQ
t r m r

 

k
is an angular velocity. (Cf. Theorem 1.)

When radius r is a Bohr radius 1r , we look upon as
h

e
, where h is the Planck constant and

e is the circumferential length.

2

h ,
1 ( )

c

e y

e y

m v
v



 2 2

2
h .

1 ( ) 1 ( )
c c

e y e y
e

y y

m v rm v
v v


 

 
.
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We give this value h an another meaning as the angular moment of electron on the Bohr orbit.

Moreover,

2

2

2

c
c( )

c
1 ( )

c

y
e

y
z y

y

v
mv

P p
v

 

 ,

,
c c
y e ez

x

vP
P


  ∴

hh
c c c
e e e e e

z x
e

P P  


   . Therefore we put ' c hz eE P   and we

call this imaginary moment a surrounding frequency energy, where 2e r  and 2 e yr v   .

Conclusion

The authors calculate the relativistic energy in the orbit of the electron in atom. These relation

images suggest to us a figure of the electron in atom. We get that the similarity between the Planck

constant and the angular moment and see the relation between the surrounding frequency energy and

the angular moment.

References

[1] Y. Takemoto, New Notation and Relativistic Form of the 4-dimensional Vector in Time-Space,

Bull. of NBU, Vol. 34, No.1 (2006-Mar.) pp. 32-38.

[2] Y. Takemoto, A New Form of Equation of Motion for a Moving Charge and the Lagrangian, Bull.

of NBU, Vol. 35, No.1 (2007-Mar.) pp. 1-9.

[3] Y. Takemoto, The Equation of Gravitational Force and the Electromagnetic Force, Bull. of NBU,

Vol. 36, No.2 (2008-Mar.) pp.14-22.

[4] Y. Takemoto, S. Shimamoto, The Positionality of the Electromagnetic and Gravitational Theory,

Bull. of NBU Vol. 40, No. 1 (2012-Mar.) pp. 1-11.

[5] Y. Takemoto, S. Shimamoto, The Basic and New concept of the Lorentz transformation in a

Minkowski Space, Bull. of NBU Vol. 40, No.2 (2012-Oct.) pp.1-10.


