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The Equation of Gravitational Force
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Abstract

In this péper, we discuss the deduction of 4 -dimensional equation of motion which is relativistic invariant.

Contents :
In§ 1for preliminaries we mention the modified Maxwell's equation in which we have the time-component of

electromagnetic field and use the matrix-vector and relativistic form!*.

In§ 2we consider two forces which is caused by a charge and a mass respectively, These forces are similar in
the inverse square law, We improve and push forward the similarity to the potential, field and force.

In§ 3we can deduce the 4 -dimensional equation of motion which is relativistic invariant. And in the following
paper, this equation contains Kepler's Law and its complex components explain the relativistic effect.

§ 1. Coulomb—Lorentz Force
In the previous paper!’, we can represent Maxwell's equation and its force as a 4 -dimensional matrix vector.

Let BE=F —icB be an electric and magnetic field as a complex 3-dimensional field in space and Er —icB: (B =0)

the time-component. ‘

Then we have a relation of a matrix-vector between 4 -dimensional potential (¢, A) and electromagnetic field
{E:, E—icB) as follows:

(o) ) )
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Where signs “+", mean relativistic invariant!?.

We compare the components of this relation, then.

b= %Jr dive A--+{1)

= OcA
B= T —gradé (2]
¢B = rotcA--(3}

Where the above underlined part is a time-component,

And we have a Lorenz gauge E, = %4— dive A = 0 and a Coulomb gauge E, = %(@ diveA = 0).
And the Maxwell s equation is as follows:

(p j)+;(aﬁ ar)(E E—icB)+

+

: 0L+ div (B—icB) +
= er gradE: —irot(E—icB) ,
l'OtE‘F%?“: 0---{4)
diveB = 0--{5)
divE+%=p'“(5)'
rotcB*%"&dE‘ =jA7)

Where the above underlined part is a derivative of time-component.
Therefore the Coulomb-Lorentz force to the moving charge in electromagnetic field is as follows :

_-(Ff F)(E! Ez'cB)+_(q J)

(EfqﬂE—i@)-j

Ej+(E~icB)-g—i (E_—icB)xj) v (),

Fr=gE+j-E—ij-cB (the variation of energy)
F=gE+jE +jxcB—1 (ch —jx E) (the variation of momentum)

Where the above underlined part is a complex force.

§ 2. Coulomb-Lorentz force and gravitational one

We consider the 4 -dimensional potential ¢ (x, v, 2) = ﬁ% {ev is a dielfectric constant) and A(x, v, z)= 0 which
are caused by the stationary charge “e”. ’

Then the 4 -dimensional electromagnretic field (E;, E—icB} is given by the above formula (%),

(I' ) (&ct )( L e ) A '
: = drey T = : d (e
E—icB —dr 0 dmey “r (?) ,

That is, the electric field is




E___lﬁ,i ey__ ¢ ¥
T dmeo dr\y ) dmer? v,

And the magnetic field and the time-component are
B=0and Er =0,

o fo

_dr
And we put (g, j)=(go7, QO?;’J’)?(TW, 4 where u; = =

det dr
R L cr8.

Then by the above formula (3 %), the Coulomb-Lorentz force which acts on the moving charge (g, j} in the
electromagnetic field is

F _ﬁ_ det o ng?% +£‘(m )‘
F] —dr ‘ 0/ ¢ u

_ 1 3 (e '@‘(uz )
dren T (7) 4 u
(e .
- g | or r)u EECE T
dmeae —%(%) e +1 % (%) xu
F=— 4;‘1“ . %(%)vu (the variation of energy)
€0
F= _4&%.(2) i 473:“ . %(%) xu  {the variation of momentum).
neoe dr \ 7 b

The above underlined part is a complex force.

We compare this force and the gravitational one which is caused by the stationary mass “M” {for simplicity}
as follows :

The relation of its potential I = %ﬂ% and gravitational forge fis
Gmo 8 (M

Where y = o det L

¢ Tcdr 17(_”_)2
In

This gravitational force f is quite similar to the real part of the Coulomb-Lorentz one

{= 1), &is a gravitational constant and ¢ is a ight velocity.

F=-_-2 i(i) we +i (imaginary part),
dreee dr \ ¥

Therefore, we get the 4 -dimentional foree (£, £) which is caused by the stationary mass "M", that is, the
potential is

+ U + + G M & . + 1 _3__ +
= {c2 y which is corresponding to | dmeq #
0 0 0/
And its gravitational field is
0 +

(et o %% )+=£2 ? M)
p oM
—dr 0 ar\ r

Therefore we get the 4 -dimentional gravitational force as follows
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That is,
fir= —%ﬁfl aar (ﬂ;f_) u (the variation of energy)
f= —%%(%) +1 G;f“ ;—r(%) xu  {the variation of momentum)

The ahove underlined part is a complex force and its interpretation is in the following paprer,

§ 3. The4-dimensional equation of mation which is relativistic invariant

In the above discussion, we had correspond the source charge e to the source mass M, the moving charge
(q, j)=(qoy, gorR) to the moving mass (moy, moy8) and the constant
gravitational constant i Then we get the modified equation of motion.

of the Coulomb-Lorentz force to the

Theorem 1

The equation of metion which is relativistic invariant is
d’ct Mg (1‘ ﬂ'I‘)LiEL.-(l)

dr? ¥E \y dr ) dr “
d'r _ Moy (det\ Mefr dv\det o . ;
= Ty ( dr ) Ml vy s ani e

Proof

We replace %:ﬁ% (potential of “negative” stationary charge), (4, §)=(qor, gorB) which is “positive moving
(o)

Me G M
id

charge”as =
¢t or

{potential of stationary mass), (moy, moyf) which is “moving mass"in the formula( % * %),
And by this replacement, we get the 4 -dimensional pravitational force as follows :

B f T et - Mg +m""(u: )_ M
= 4 - , Me =73
f —ar al ¢ u c? .

Where the underlined part is a 4 -dimensional gravitational field
And we integrate this formuia by time then

e S () (e )

means a variation of energy-momentum
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Therefore we get the medified equation of motion as follows :
| det

__QL dr _ i - oY )7
"o g day “dr ( may 3

et A - [det _
_ - dr dct
o () (F e

dr

Iz Ldﬁ)z_z r dr dct)
#\ dr dr dr

QED.

We can rewrite the coordinate (x, ¥, z) by the spherical polar coordinate (r, 8, ¢), that is,

r=vsind cosg
y=rsind sin¢

z=vrcosfd

Then we get

Corollary 2
The equation of motion at the spherical polar coordinate is

diet _ _ Me dr dctm(l)
dr? vt dr dr o

dr _ Mr det \* dé de

E=- (dr)+ ( dz_)Jrr(f’smﬁ ) -~(2)

d ,,ﬁ ;MG 7:;1n3d¢ det  1dr( df +cosf—— b rsind—— qﬁ i (3
dr \" dr ¥ dr ¥ de \U dr dr

gf(rqm@?) i (ri,g)agé%g:(rsmﬁw) cosﬁ( dr)i,f F{d)

Proof :
()¢ : Formula (L} is the same one

And by the propesition 3 below, we get the formulas (2), (3}, (4} as follows :
By the theorem 1

d¥ _ Mg x{det Mefr  dr ;

e Mo x(de V' Mol 2o X)L o) iy e
vr 7 0

%;L: Vo = 70 . and%xfl—;— frsi‘nﬂqf'i
Vi ¥ sin 0 i

{2} * The component of »-direction is
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axrx r det “ o ;
@ =" e (“&; {where is an Inner product).
Therefore
2 - .
*%(%) =F—+" —rd*sin? g

_d¥ 49 1/ . . dd\
= ‘—( ar) 7(”‘“571?)‘

{3% * The component of »4¢ -direction is

d’r rde _.M d$ \ det
@ =" erﬁ! i ('rsmﬁ )dr

Therefore

MG d
—i o (rsmﬁdr) p= =2/6++6—2d’ sin @ cos @

_ldr { dBN d [ 46 di dip
_ydr( )+dr( e ) cosﬁdr (r%m@ )

{4} : The component of 7 sin qub -direction is

- d*r rsin 8d¢ _ M T@iﬂ
dr? |y sin 8dg] dr ] dr .

Therefore

i%(?‘ i’f )?u 2¢¢ sin 8+ 7 sin &+ 2rdé cosd

_ldr dd\, d d¢ ag \dg
= (rsmﬁd )+a’ (rqmﬁ )+cosﬂ(rdz_)dr.

QED.

Proposition 3

The acceleration vector at the spherical polar coordinate is

i ar F—#0" —rd?sin? 8
Fg: @ |= 2¢8 + 1~ r$* sin & cos 8

276 sin 8+ sin 8+ 2rdl cos i

Proof

We use the spherical polar coordinate (7, 6, ¢).
Let's 8 =0(r) and ¢ = ¢ (¢} (the function of proper time)
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he two angles as a right figure. Then the spherical polar coordinate {r, 8, #) is
x=7sind cosd
y=rsind sing
z=vcosf
And we can represent the position vector as follows;

X cos¢ —sing 0yf cosd 0 sind)(0
r:(y)= sing cos¢ O } 1 0 0
z 0 O 1/\—sing 0 cos@[\r]

And let's § (r1=2%L and ¢ (r} = i% be derivatives by

40
dr
the parameter r {proper time).

Then we can represent the velocity vector as follows ;

x —sing —cosg 0}/ cosd 0 sind\/0
=]y |=| cos¢ —sing ¢ 0 1 0 0
F4 0 0 0/ \—sing@ 0 cosd/\r¢

cos¢ —sing 0V\/—sind O cosd 0
+|sing cos¢ O 0 0 0 0

0 0 —cosd 0 —gind/\#f

—

cos¢ —sing 0/ cosd 0 sindif0
+|sing cos¢g O 0 1 0 0

0 0 1/\—sind 0 cos@/\#
cosgp —sing 0\f cosd O sind 0 @ 0
=|sing cos¢ O 0 1 0 ¥é sing |[+] 0 |+ 0
0 0 1/\—sinf 0 cosd 0 0 ¥

cos¢ —sing 0Vf{ cosf O sind pol
sing cos¢ O 0 1 0 7 sin &
0 0 1/\—sind 0 cosf P

1l

For this calculatiorn, we used the following relations

—sing —cosg 0 cosgd —sing O0V/0 -1 O
cosp —sing 0|=|sing cos¢g Of1 0 &

0 0 G 0 0 /0 0 0
—sginf 0 cosd cosd 0 sind 0 01

0 0] 0 = 0 1 0 0 0 0
—cosf  -—sind —sinf 0 cosdf\—-1 0 0/

And
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0 —1 0\f/cos# O sind cosf 0 sind 0 —cosd 0

1 0 0 0 1 0 |= 0 1 0 cos & 0 sin &
¢ 0 0/\—sind 0 coséd —sinf 0 cosd 0 —sin g 0
Therefore

Ve i
(Vﬁ ) =1y sin 6'9{5_
Yr i

is a velocity vector at the spherical polar coordinate.

.. " 2 ’
And let’s & (r)= ‘;:‘Z and ¢ (r)= cf_kf be double derivatives by parameter r.

Then we can represent the acceleration vector as follows

i —sing -—cosd O\/ cos§ O sind 7
¥=1¥|=[ cos¢ —sing 0O 0 1 ¢ v’ sin @

0 4 O/\—sind ¢ cosé# P
cos¢p ~—sing O0Vf—sind 0 cosd a*
+ sing coséd O 0 0 0 réd) sin §
0 0 1/\—cosf 0 —sind it
cos¢ —sing O\ cos® 0 sind O+l
+{sing cos¢ O 0 1 O P sin 0+ rd sin 0+ vid cos @
0 0 1/\—sing@ 0 cosé ¥
cos¢ —sing 0YV/ cosf 0 sind 0 —cos 0 rgﬁ'é'
=| ging cosé O 0 1 0 cos 0 sind || ré?sind
0 0 I/\—sinf@ 0 cosd/\ 0 —sing0 0 #ob

<

cos¢ —sing O\ cosd sin@\/f ¢ 0 1 07

+{sing cos¢ O 0 1 0 0 0 0||xdd sing
0 0 1/\~sing 0 cosd/\—~1 0 0 7
cos¢ —sing O\f cosd 0 sing 0+
+lsing cosgd O 0 1 0 7 sin & +#¢ sin & +rhé cos O
0 0 1/\—siné@ 0 cosf ¥
cos¢ —sing 0Y/ cos8 0 sinf 27 + o+ — 7% sin @ cos @
=|sging cos¢ 0 0 1 0 27¢ sin 8-+ rd sin 8+ 2rdé cos O
0 0 1/\—singd 0 cosd F—rl* —rp?sin2 @

Therefore




.. 'aﬂ. . 278+ ¥ —rd” sin @ cos @
@ 1=| 2¢¢ sin &+ rd sin @+ 2rdd cos
& F—r® —rg® sin? 0

is an acceleration vector at the spherical polar coordinate.
QED.
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