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A New Form of Equation of Motion for a Moving Charge
and the Lagrangian’
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Abstract

In cur previcus paper, we presented a new notion, “matrix—vector’, which is a vector
where the function of matrix product has been added [(8) V. Takemoto, Bull. of NBU Vol. 34,
No.1 (2006 —Mar.) p. 321

In this paper, as an application of the matrix—vectors, we deduce an equation of motion

represented by matrix for a moving charge in an electromagnetic field,

Contents:
In§ 1, using a traditional variational method, we deduce (A) the usual 4 -dimensional momentum and (B)
equation of motion from the Lagrangian. Now we rewrite its momentum and equation into the matrix—vector form.

In§ 2, for preliminaries, we review (A) the matrix—vector and (B) its Lorentz form. Now we define the
variation of the matrix—vector and investigate its meaning by comparing this variation with the usual one{d¢, SA).

In § 3, we denote the Lagrangian by the matrix—vector form and use the variational method. Then we can get
the equation of motion which is represented by matrix—vector form.,
New features of this equation are
(1} New effects of the time components Eo of the electric field appear.
(2} The 4-dimensional complex force appears.
(3) The relativistic invariance of the equation is apparent,

§ 1. Introduction
We put the Lagrangians 7, and L, which are for time d and for proper time ds=/ {det)®— (dr)? respectively,
that is,

—
L=—met /1 —% +g{A-v—¢),

= q S Y
L, mc+c {cA c ¢C),
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=def= =y u=dr—_© _
where o 7 —= [ = .
Ji-n Lo

The actions of these Lagrangians are as follows:

Szfﬂb [—chr%(cA-%fqb%}]ds:f;:z[ﬂncz,ﬂ—ﬁ—:+q(A-v—qﬁ)}dt.

Further we put the variations.

5¢:g§%5ct+ gradeg- or, 5A:g—c‘%65t+divA6r --------- (%)

And we use the relation #°— u*= ¢’ then
Gds=u,d(Bct) —ud{dr), (uo)ute—S{wWu=0 e (% %),

We get (A) the usual generalized momentum and (B) equation of motion to the moving charge g with the
mass # in the electromagnetic field as follows:
{A) The generalized momentum is

_8L__mv A_ . A
P_av— 7L2+qc—p+qc.

62

The generalized energy is

2
E=P-v—L=—25 _+4p=ctqd

1-¥
o p

And the relation between them is
(B-gd)*— (Po—gA)'=¢& (pc)*= (mc?

{B) The equation of motion is
d (BL _aL

dt ‘8v’  ar
The left side term is

4 (3L\_8P _dp g
df \ dv at dt ¢

The right side term is

% = gradl = ggrad (A-v)—qgrad¢ = g ((v-grad) A+ v x rotA) — g grads.

Therefore we get the equation of motion of moving charge in the electromagnetic field.
ap _ (8A

(%Jr(v-grad)A).

yrani ¥+g1'a¢iqﬁ)+qvxr0tA,

= qEJrg%x cB—iq [CB—“:‘—TXE]

where E= f%fgradrﬁ, B=rotA.

The underlined imaginary part is the term which we have added.
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Using & — (pe)? = (mc®* and p:%‘;, we get
de__.dp
ETP T
:v-(qE%-qWC‘i x ¢B) —v-iq[ch%XE]
=gv-E—igv:cB.

We can rewrite these eguations by using the matrix—vector as follows:

4y E-ily.(B
¢ ¢

qE+q%x cB—iq{ch%xE]

z%(o E—icB)(c v)

§ 2. Preliminaries and notations.

In this section, we review (I})=(A)} a matrix—vector and (B) its Loreniz form. Now we define (II) the variation
of the matrix—vector,

(D —-{A)} A matrix—vector. 58

A A
We identify the 4 -dimensional vector ~| 4 ept and the 2(1)— matrix?'¥ AHF,AY Ar +iA , and we
A Ay Ay—id: Ai—A:
AZ

- R Ar A
represent this matrix by a symbol = d call it a matrix-vecior.
v asy ( A) ( (A A A.;))all casita

And we complexify the each component A, Ar, Ay, A< that is, we define the symbol

A A as the matrix Actde Ay +iAs with compl oIy 6
- as mplex ¢ s,
A (Ax Ay A2) As—ids A —As D ponents

Then the product {4 — dimensional vector product) between two matriz—vector is as follows:

(Al A)(Br B)(MlHﬂ A;B+AB;-¢‘(A><B))

, A A A . .
And we define ( ! A) ( ! A) and ( ' A) are cach the time part, space part and a conjugate®’ of
T 5

A tivel
respecnuvely,
NES: v

N . . . Ar+A: Ay +iA.
This conjugate corresponds to the cofactor matrix of matrix ! ) b
Ay —id . Ar —Ax

Therefore we get the relation:
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{B) The Lorentz form.
When a particle moves to the x-direction at the speed #, then we have the Lorentz transformation:

ct' =y (ct—fFx)
x' =7y (x—Act)
y =
z'=z
v
where r= mj,g =cosh® and 8= =sinh®,

_ o
~@ INe)
¢ ‘ c
And we can rewtrite this transformation by using the matrix :

(ct'+x’ y’+iz’)__(7(1—,ﬁ‘)(ct+x) y+iz )

¥ —iz' et —xf y-iz y(1+8¥ct—x)
re—r- 0 cttx  y+iz\fye—r- 0
- 0 yetr-f\y—iz ef—x 0 yoty- )
o jrxl &) - fr—1_
where 7. 5 cosh 5 and 7- N sinh 5 -

Then we have a refativistic transformation in the matrix—vector form:

ct! i ) ot (?’+ ) 1
¥ 7( —%e ¥ —y T 0}
0

More generally, when a particle moves at a speed v with direction cosine (4, B, C), then we have the Lorentz
form®? as follows:

(1) The transformation of coordinate matrix—vector'’®and its abbreviation are
et e et re N\ e 4

- 70 —yp 7 = p yre=y-|B |-

C

{(ii) The transformation of derivative matrix—vector!’® and its abbreviation are
d

. g . g B
det’ _{7 det L4 _ | dct i
3 ~ 70 ) —70 a

Cor or S or

(#) The transformation of potential matrix—vector!’5and its abbreviation are

A L e TS

And we call them a Lorentz form.

Using this Lorentz form and the relation (% % %), we get

A New Form of Equation of Motion for a Moving Charge and the Lagrangian

and

(R RN A S

{I) The variation of the matrix-vector.
Using the relation (% %), we get

it +-fn -
s | ¢ u < ul |
(A [ I

a(m o _g(u\u )
_ c ¢ ' [

And the variation of the potential matrix—vector'’ s

+ b r t d ) ' !
s ¢ . [dc Fet ¢
A —&r _3 —eA) |
_ (Sct ) "(Eﬂ . ) ......... (%),
—8r E—icB

Another representation of this variation is

6!- 115 +: + Sct + 3l + QS +
~cA —dr _9 —cA
ar
" 9 9
_ det 3ot + 8y a7

Il vy o +(¢‘ )+
Y VY S SO M YN —cA)
et or b3 ot idrx e
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i I Then we get the equation of motion represented by the matrix-vector

(CEaT— o __ oy
e .; d |7 Yiaf? _q [Eo ra
+ (é‘cmlwcA+ or- ;t ) ds p/ ¢ cA ¢ E-icB ajp:
C
+i (61- xa—alr)-A ; where ¢ is the charge and m is the mass.
- JeA :
(8ctw+(6r 51‘)6A) We define
+ i + T H
—{6ctgradq5+é‘r%+ iy x gradqi} P (% ) = ”;(u(} )+ A g+ (qS ) and U = (T0
- -r —u/ —cA - uf -
—i [80t1‘0tcA+ Srx %LC?+1' (81‘ x;—l) X CA] . ¢
Then we can put the Lagrangian and its action in the matrix-vector form as follows:

where the underlined parts are the usual variation (). * o + N R _
’ Le = c q ¢ e
={me u +? A al
. . . _u —c u
This variation is the extension of the usual variation. In this variation, some new features appear as follows: ¢ ¢
(T} The variation of energy.
S, it * * P v | T -
(i) The terms éct (%Jr dwcA) Eodet and 8y (glaqu aCA) —E-3¥ are the variation of energy of the charge. [= L | e ¢ a +% ( cA) ¢ u) ds.
i £ ¢
(i) The term i (61 ) -cA=1{ (%x cA)-&r = {B-8¥ is the variation of energy of the magnetic charge, because !
r 4 This can be justified as
we put ¢w =J B-8r , then {B = gradi¢n (= irotcA) is a force of the magnetic charge L e .
: . L /¢ - .

{I} The variation of momentum. | (i) =(Energy) =P- V—L(:)( 0): _l (c P) ( v) ] . when charge g= 0.
A - T

(i) The term &ct (g:ad«ﬁ -+ aCA) Edct and the term .
; (Lagrangian} = (Energy—Momentum) X (Velocity)

d¢ 8 i) : i TSRS & RV S 3
sra t (6r r )A (61 xa XA, . (i) Lo(Lagrangian) e+ (L‘A panl s )
—ap (e ' : (o e +] " fa -
= 8r (act +(lwcA) —8r X (rotcA), . ; o Lo I | P . L4 é p -

; 0 —= ¢ —cA LS
: 4 ' T

= Eoﬁct dot B x 6ct

(Lagrangian) = (Energy—Momentum) X (Velocity)
are both the variation of momentum of the charge.

(ii} The term —1i [Br x (g‘radqb +—»--)+Bct rote A} =i (E Xj_lt_ )é‘ct is the variation of momentum to the : Then the variation of the action Tis
. , ar . . , ; s * o o -
magnetic charge, because i E X pr s a force of the moving magnetic charge. st=-sl" mel € n % (‘15 A) ¢ u s
B Sy _ - —
_ ¢ ¢ X
§ 3. The equation of motion (matrix}. : o v . !
. - . 0 - 4 -
We use the variational method, and can get the following theorem. : 3 e TO sif g P T o
= — 8 ds | — =8 ¢ ds
Sn _u u S e —cA u

: ¢ ¢ T c T

Theorem {The eguation of motion represented by the matrix-vector) : N u + _ _
We define the Lagrangian and its action in the matrix-vector form as follows: 5 TO g (¢ %
- me _ulto A & ul

e + + P + | T o -
me| € 42.) +%( —cA) c ul
¢ ¢
+ {3y * o+ + |7
(s s g [¢
I—'Lu lmc( _E) +c A
¢

e ¢
Lo=

Therefore, using the relations ()", (% %)" and integration by parls, we get




Using the relation (% %)’ and the condition of variation as

Sct Set [0
[ afer( sfer-(* o)

Lastly we get the following formula;

el ol ]

. dct
And this variation 1 is always zero to any variation ( - 31.)‘

(i) Especially when 8 =0, the variation 81 is always zero to any variation dct,
Therefore

GRS ON F CR CO FCRS

Especially when 8¢t = 0, the variation is 81 is always zero to any variation év,

Therefore
- - - + [Uo -
e h E o 0
d a (¢ B € - - (B).
S W ) () [
el s
By the formulas (A) and {B), we get
- - - — —f + My -
d % l'q— é _a Eo ¢ — 0.
ds P ¢ cA c E—icB L 0/
£
Therefore we get the following equation of motion™ :
- - - - - + o -
af(E Yaaft Y)ea(® A
ds p/ ¢ cA ¢ E-icB %

This equation means that the 4 -dimensional force is the 4 -dimensional vector product between the electromagnetic
field and the 4 -dimensional velocity.
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