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Abstract

In this paper, we discuss the new notation and the refativistic form of the 4-dimensional vector and their

uscfuiness.

Contents:

In § 1 we define the matrix-vector and the relativistic form and we show their examples.

We use the # {1)-matrix form as an expression of the 4-dimensional vectors and adopt two notation.

The one is the matrix-vector which has simplicity of vector and function of matrix and we get the caleulation which con-
tained all products {to multiple scalar or vector by numbes, scalar product and vector product) in a 3-dimensional space.

The other one is a relativistic form”'which is the simple expression of relativity and we can get a useful and good guide by
it,

In § 2 we exemplify the modification of Maxwell’s equations simply.

We introduce the time component of electric field and modify Maxwell’s equations from the point of view that the vector
and scalar potential satisfy the wave equations!’, and we rewrite these equations of Maxwell’s with the use of the matrix-vector
and relativistic form for the following discussion.

In § 3 we exemplify the 4-djmensional Lorentz force with complex component.

The usual Lorent force is the 3-dimensicnal force which acts on the moving charge. We rewrite this Lorentz force with the
use of the malrix-vector and relativistic form, and then we can get the 4-dimensional complex force which acts on the moving
charge®’,

§1. Introduction

In the previous paper, we considered the real 6-dimensional electric and magnetic field as a complex 3-dimensional field E
= E —icB and we add the time component E; in this field.

As a Tesult, it becomes a 4-dimensional complex vector field and we can modify Maxwell’s equations with the use of the (1}
matrix Tike this;

g _J= i . e ) ) ) _ )

o Tme. me e | (0070 dyvide\(  Eit(Bi—icB:) (By—icB.)+i (B —icB.)
LN I L Pyt dy—idz  Bel—dx [\(Fy ~icBy)—1 (F: —ieB:) Er —(E:~ieB:)

Eul oc Ep  Eol

And we can reform this matrix equation by the matrix-vector and the refativistic form:

HERITHELILA 4 B
FEERRET HACSCEIOR TR R USRS

New Notation and Relativistic Form of the 4-dimensional Vector in Time-Space 33

£l 0 +

B et B !
_3 ) v E—icB)

ol

and theq it gives us a good view and guide.

(1) Definiticn of the matrix-vector and its calcuiation.

ct
Cfet+x wtiz . e
We identify the 4-dimensional vector | * | & g and the tt(l)-mamx(y i e I), w()={X = M2,CyX=X). 23
¥
z

x
And we adopt a new notation (Cf )( p=| g |eR3) a8 this »(1)-matrix and we call its vector {which is represented by ma-
- r
trix) %
the matrix-vector, and this notation has simplicity of vector and function of matrix.
We have a simple rule for calculation in the matrix-vector ;

cf o’ ctet"+rr’
v vl ' vt —i (pxx)

The underlined sign * - ” means scalar product and * X vector product.

The reason for the statement above is that the equation

et+x yriz\fet'+x oy iz’
y—iz ct—x)J\y —izg" of —2

(_ctci’+xx’+yy’+zz’)+[(ctx’+xcf’)—z’ {yz—zy’)] [(cty'%—yct’)*i (M)}H [(ctz’Jrzct’)fi (xy’fyx’)]

a [(cty'+yct’)—;i (z:c’—xz’)]—i [(ctz’+zct’)~z' (J:y’*y:c’)] (ctct’+;m:’+yy’+zz’}—[(ctx’+xct’)—z’ (yz’—zy’)]
holds.

(2) Translation by relativity.

When a particle move to the x-direction at the speed Ve, then we have the relativity relation.
Vl‘

Weputy = 1 —=cosh & and 3, =

o)
e
ct’ =v{ct—B.x)
' =ylx—B.et)

¥=y
2 =2z,

== sinh & . Then

Fm

And we can rewrite this relation with matrix form ;




O

iz )(y(lﬂx)(ct%r) y+iz )

y—iz y(1+B:)(ef—x)
v 0 ct+x y+iz\fr.—7_ 0
0 v.t7r. \y—iz ci—=x 0 e

+1 -1
where y, = \/g = COSh% y_ = 22—1 = siuh%

Then we have a relation of matrix-vector ;
1

N e

More generally, when a particle moves at the speed v with direction cosine (A, B, C}, then we have the relativity relation®’.

et’' = yet—yBAx —yBBy —yACz

7' = —yRAct+{1+(r— 1}A %}z +(y— L) ABy +{r — 1) CAz
¥ =—v8Bct+{y~ DABx+{1+{y - 1})B®y+{r~ 1) BCz
2’ ==yBCct+(y—1)CAz+{y—1) BCy+{1+(y—1)C?)z.

And we can rewrite this relation with matrix form |

(ct’+.r' ¥ +iz’ _ ¥y, —y. A —y_ (BHICW\ ct+x y+iz ¥, —7-A —¥. (B+iC)
¥—iz' o' —x —7.(B—iC) 7. +ty_A y—izg ct—-xf\—y_(B—iC) 7.ty A

Then we have a representation of matrix-vector ;

, A
cf
( 1) Y= | B

=2y gty e r vy, (v x Ty,
yei—yB (Ax + By + Cz)

A x A*x+ABy+CAz
= —78| B |ct+|v |+{y~1)| ABx+ By +BCx
C z CAx+BCy+ (2%

] . et’ et h
We adopt this translated matrix-vector as ( ,) = ( ) after the underlined vector “—7¢” above,
r T

And we do by the same way. Then

det’ B 7+ det 7+ 4
ar)” 7a ar 7o) 07| B

C
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. . det’ et
We adopt this translated matrix-vector as P
r r

+
) after the underlined vector “+7," above.

And soon---,

(3) Another example for the matrix-vector.
Eand Fy (new term) are electric fictd (3-dimensional vector) and time-component (scalar),
B is a magnetic field (3-dimensional vector),
A and @ are a vector potential (3-dimensional vector) and a scalar potential.

d.,0 ., 4 a . .
or = W +%—_} +§k and dcf = or Are differential operators.

Then we have a representation of a matrix-vector!? ;

(E' EiB)'Z_(M —6’1‘)+(¢ —CJ

(2 dive -

- i det
_8cA
dect

radg —irotcA

We compare the components of this relation, then.

o= 9P divcAr (1)

P A .
E = et gradg ---(2)
cB = roteA--ooeeen (3)

The formulas (2) and {3) are the orthodox equations of Maxwell's,
The fornwla (1} is a time-component of electric field, we have a Lorenz gauge

Er = &4- diveA =10,
det

and a Coulomb gauge ;
=P (o dine A ~
E= P (= dive A = 0).

In this situafion, when the function ¥ and vector function X satisfy the wave equation, the electric and magnetic fields {E, B
and B) are invariant by the transformations ;

S g
@ —wq5+acf+dwcx

cA = cAfa;wagTadx+ irotcy.

And then the matrix form is
+ ¢, +#+ (‘ﬁ +H§>+ aCt +—(x )+
—cA’] T —cA ar cx/

§2. The modified Maxwell's equations as an example for a matrix-vector
We have orthodox equations of Maxwell’s in a vacuum.




. (Faraday’s taw of induction) -« (4

tively.
Then
(—p~ :)0 =B O= divgrad—aa—tz

329‘6
6‘

*adqﬁ )

= JrgradEz +roteB-- (7).

Therefore we get the modified Maxwell’s equations

Theorem]. (The modified Maxwell's equations) )

th*Br‘B 0 e (4)
dch*O - (5)

=Ff ()’
div E+at P {6)
rotcB MEE‘?—gTadE: 2;%‘_ (7)

And a representation of a matrix-vector is

wf 0

o +
e e +(E, *
_3 ar E-icB)

ot

§3. The 4-dimensional Lorentz force as a complex one.
fis a 3-dimensional force,
Jand ¢ are current and charge.

Then we have an orthodox Lorentz force
f=¢E+jxB.

" {No existence of magnelic charges)--(5)
{Gauss’ law) ................................. (6)
: m't:éB OB ) (Ampere-Maxwell'slaw ) veeeeeien (7).
S det  eoc

A
dct

(der+ ) div (gr adgb+%c‘? . tdwcA diy
gF " div B {6)
and
($=)0 =-[3A”, Ol= grad dw—%z-
= %Z‘é ~grad {divc A) + rot (votcA)
-— (gl‘aqu— aCA) grad {divcA+ t) +rot(rotcA), a‘%gradrﬁ = grad
BE

We can realize that the electromagnetic field is complex 4-dimensional space (Er —ich:, B =

We assume that when ¢ = 0 and j = (, the scalar potential ¢ and the vector potential A satisfy the wave equations, respec-

a9

det

O and E—#¢B) in this situation,
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Theorem2. (The modified Lorentz force) 3!
lows:

The charge and the current are ¢ = ¢o¥ and § = go7 b and
fi = LE!JFL'E {(thevariation of energy)

f=qE+jE+ i>< ¢B (thevariation of momentum).

The underlined parts are new terms.

The 4-dimensional force {(Minkowski's foree) on a charge ¢v which moves at speed ¥ in the field (Er, E, B} is as fol-

This 4-dimensional force is a real part of a following complex one (F;, F)
That is

And we compare the components of this relation, then

Fio=qE +LE-ilB
A c

F =qE+%E;+%ch~z'(ch*J?xE).

The underlined parts are imaginary ones.
More generally, let’s assume (2, ) is the 4-dimentional velocity.
That is

det dr _
w=Cm=, u=-g cr B

Then ¢ = qor = qu , i_ = qo¥ B— %1 and we have following relation |
i7 % 4.‘@_ 4 _=ﬂ7 Ei +--(M.' )f
« p/ N\ At E—icB u

_go (Erwr H{E—icB)u
e
In this equation, we have two important subjects.

Eu-+(E—icBiu —i(E—icB)xu

5}

The one is the underlined part, momentum-energy matrix which does not appear in the usual equation. We deduce this

equation from Lagrangian (matrix) by use of the variational method.

The other one is the complex force which is litter in the usual equation, We discuss this imaginary part {force} in the case

of the gravitational force*’ "’ and advance its understanding.
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