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Abstract

Introducing a maximal nilpotent Lie algebra for a given rank and step, and looking
upon a nilpotent Lie algebra as a subalgebra of it, we are able to characterize the
nilpotent Lie algebras as linear relations among the basis of the maximal Lie algebra and
classify the nilpotent Lie algebras by using this characterization.

At last, we show this method in the case of 4-step nilpotent Lie algebra of rank 2.

§1. Introduction

Regarding the classification of nilpotent Lie algebras, only a few studies have been done. G.
Vranceanu classified 6 -dimentional nilpotent Lie algebras (cf. (1), (3)), and S, Yamaguchi
constructed many examples for more than 7 - dimentional ones (cf.[4)).

In this paper, we find an another method for constructing and classifying the nilpotent Lie

algebras by means of the basis which was used in [ 2 ).

§2. The basis of g

In this section, we shall suitably rearrange a basis of nilpotent Lie algebras and investigate the
rules among the basis

Let g be a k-step nilpotent Lie algebra over R, That is,  is a vector space over R and there
is given a hilinear form [ , ] on g satisfying

1) X, Y)+ (Y,X)=0 forX,Yeg,

2) Jacobi identity,

3) 8%= 0  where 4™ (2<h< k) isdefinedby a™ = (3, ™1 inductively and
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g(l) =[9, a].
Tet Xy;, %13, ==*** , Xy, be representatives of the basis of a/(9,9) wheren, = dim
(a/ [g9,8]), then
g = .21 Rx,+(8 , 9).
Moreover
[9.BJZEI(EIR[XU.XUJJr(9.[9,a)]. -
We choose then maximal family of independent vectorsmod (8 , (9, 8 1) in {(xy;, Xyl 5 1,
j=1,2, e-+e-, n;} and denote them by X5, , Xzz , **=**, Xan, - where n, = dim ((8 ,8 )/
(s, (8, 3))), then
(6 ,8])= jné'[ Rxy + (8, (8.8])
Moreover .
G (0 0= 3 (2R G xd+ (6 (e, (5, 800,
We choose then a maximal family of independent vectorsmod (8, (6, (9, 81)) of ((x;,
Xg;) 1i=1,2 ,0%ere, 0y, j=1,2 %=, Nig) and denote them by x5, , xalz , \ 'x3n3 ,
wheren,= dim (( 8,8 )/ (s, (g, (g.981))).
Repeating the above procedure we can choose a maximal family of independent vectors mod
g ™of {[x; . Bg_1)si=1,2, =" ny, j=1,2,%wees,ny_,} foranyh (1= h=<k) and
denote them by xu;, ****+, Xun,, Where n,=dim (9 (h=)y g (b))
Definition 1 . For a given positive integer n , we may consider all k-step wnilpotent Lie
algebras of rank n (i e , dim {g/9*)=n},
Then, we can choose among these such one as N =n; + -+ +n,  where n,=n, & maximal
in the above procedure.
We call it the k- step maximal nilpotent Lie algebra of vank n |
Definition 2. Let 8 be a nilpotent Lie algelva and x,, Ay, »++++, Xq represeniatives of the basts
of 8/8 W then
g = 8,4+ G, + weeeet By ,where 8, (h=1, 2 ==+, k) is a vector space spanned

by {xy; i=1, 2, =--0y} and we call these vectors X, , Xz , <=+~, Xp Generalors.

k
Let 9 be a k-step maximal nilpotent Lie algebra of rank n and M= U MW, where Mn =

{(Kyy, (Xpy_, ,o=eeee , (Kiy . %) o)) s By dp, eeee iy =1, 2,5+, m)  then the following
relations held
1) X, YY)+ (Y, X)=0 (X, Yeu),
2) Jacobi identity | i, e.,
X, (Y ,ZD+(Z, X, Y)N+(Y, (Z2,X))=0 (X, Y, Zem),

and we can choose the basis of 8 from 9% by means of these relations.

Further details are as follows :
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Hereafter we use the following notations for simplicity
Xy, Kipy_y =000 X X = adx; adx; ., ***** adx; X
for X, Xp , *** X, EMn {1<h<k), X =8.
Lemma 1 . The relations 1),
D xY=-— (Y.x)
2y, (&Y, Z)=x (Y, 2)— (Y, xZ) (xyedy , Y, ZEW

xem, Y =3

Proof .
1), 2)©>1),, 2), are clear,

2) are equivalent {0 the following relations 1}, and 21!

Conversely for showing 1),, 2)1 @ 1), 2),we shall prove the following relations 1)p,2)n

(1< h <k) by an inductive method

Dy X, Y= ¥, X} (Xem,, Y =m)
i 2y, (X, Y), D)= X, Y, 0)- (Y, X, Z))
For X —x, € W, , then they are 1), , 2), themselvs.

For X =M, (1< h<k), we assume that 1)y 2}, Are true, then

Dt : xX, = (x, X, Y- (X, x,Y)
= (x, (X, Y+ (xY, X
= {x,, (X, YN+ (x, (¥, X)) (Y, x,X])
5 = (¥, xX)
' (M , XEH, , YER).,
aer (X, Y), Z)= (X, V)= (X, x,Y), Z)

=[x (X, V), 2)- (X, xY), 2}
(X, Y), 2 (X, Y).xZ))

— (X, (%Y, Z2))— (%Y, (X, Z]))
(x; (X, (Y, 2))—x (Y, (X, 2)))

— (X, (Y, x2—(Y, (X, xZ]])

— (X, x(Y,Z2)- (X, (Y, %2

+ (Y, (X, Z)- (Y, x (X 2]

= (x (X, (Y, 23— (X, (Y, Z]D

— (Y, x (X, 2 Y, (X, xiZ]I])
(x, X, (Y, 2))— (Y, (xX, Z)]

(xem, XNy, ¥, ZEM).

(XEM,, Y, ZEM)

2
1)n
2N
1)n

c2h

2
" 2)n
* 2
C 2y
T2
C 2y

c2))

Q.E.D.

Lemma 2. The relation 2), &5 equivalent to the following relation 2h -

r
2)1 (g Xgy ot Rip 7)
=%(— 1)5h+"+£2 x1—%h... 1—€2 & £
ere X b, 2 sen h
£h.. €201 In o Sy Xt X Z

(xlh ----- xil E\mh, ZE.)R)
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wherex})(:xlx,x?x: X (%, € My, XEB).

the bracket of two elements of WS represented uniquely by a linear

This means that

combination among elements of M.

Proof .
Using the relation 2 )., we get
(%1, X1y **70" F zZ)
=%, (K g 0" o Z)— (Kppy_y " Xy Fiy zZ) v 2h

wee Xy Ky Z) w2Zh

=x, Xip_y Kipp ™7 Fhe Z)— %1, (Kiy_p
T 2h

—Xi, (%y,_p *""%ipe Xy, Z)+ (R _y "o Fho Kyy_y Fly AN

Repeating this deformation, Weé get 2)7 .

Conversely we assume that the ahove relations hold. Then

(x Y, Z)= (% Ky *0"° Xy Z)

. . E+Ep+-+E€ 1—€ 1—€
—2(_1) _h ZX[ Xih h
E, ep. ~w-.£2=9-1 c e

Ep+- - &
:xlz(—l) h++2x1h hoees Xy ---thZ
Eh. € 2=0.1 h

E wtE 1—-£€ £
~3(—1) htt leh hoaee X o0" xl{,’xiz

£y €3=0.1
o 2h

:x.[Y y Z)— [Y , X1Z).

ey xll L X?!;XE]Z ) 2)1

Hence there are sOme relations on the elements of My (15 h <k):

LS S [xih--. x‘l'xlj 1)

e
xhm 2)1

Xy Ky
E -t E —&
(= 1) BN R s Ky
Eh. . € 9=0.1 h
(xy = My, Xi» """ X, € My -

Q.E.D.

§3. Maxima! nilpotent Lie algelra

In this section, we ghall find & maximal nilpotent Lie algebra g which contains all nilpotent Lie

algebrag § with the same rank and step {as subalgebras) and investigate the relation among these.

Using the above relation 1) , wecan choose a maximal family of linearly independent
vectors (i.e., & basis of g from M as follows :
a) We introduce a lexicographic order. in .

i) <Ky K, Ky ey if and only if i<J,
i) Xy ¥t X, <Xy Kigy_y 7 Xg, (X =" Xy Xy, tt XRE "m“) if and only if

there is such a hg (1=hy,=h) that Xy, <Xp,*"* x1h0<xjh0' th0+lixjh0+1' —es,

xl] =

Xj 1
G X<Y (XM, Y E W) i and only if h<h’
b) We adopt the above crder and choose a maximal family of linearly independent vectors

from each M, (1=h= k) inductively.
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—

) All vectors in ¥, i.e.,%;, Xz,*+-, X, are linearly independent
i) LetY, Y, ««- Y, bea maximal family of linearly independent vectors in W, 'and
Y,<Y; when i <j.
We put here
‘m;1+1: {XnYnh, Kn_1Y¥p, ,=eeerenn x,Y

Ny '
an anlY

ny—1 »

XYy, xn_lYl'..........-,lel}C‘JJIhH
Then all the elements in ¥y, depend upon some elements in Mp,; and we can choose
maximal family of linearly independent vectors in M, +1 through the following steps :
We first express the highest element XYy, =— [Yﬂh’ Xp) in My, by the linear combination
of other elements in N ;,Hby the relation 1)'1 - Then if this relation is not an identity, the element

which is the lowest element in the terms of the relation, can be -excluded and we then denote for

simplicity this set the same notation Wy

Secondly the next element Xp_ lYnh in My, is also represented by another linear

combination of elements in My, and if this relation is not an identity, then we denote the set which
excludes the lowest element in this relation the same notation Vinr.
We further carry out the same procedure likewise for all the other linearly independent vectors,
Consequently all the elements in My, of the last stage, are maximal family of linearly independent
vectors in My, and other elements depend upon these elements in My, ;.
Definition 3 . We cell a vector Y in Nty the descended vector of X €My (h < fl ), if there
are vectors Xy, K _q -«» th+1 tn Wy such that Y = X{Xg_y <+ Xpyq X.

Theorem 1 . ) Maximal nilpotent Lie algebras with the same rank and step are ail isomorphic .
ii) Nilpotent Lie algebra q of vank n is a subalgebra of the maximal nilpotent Lie algebra E of
the same rank . That s, the basis of g can be obfained by linear combinations af some vectors X in
the basis of § and higher vectors which are not the descended vector of X. Moreover we can choose
above vectors X as is not dependent upon the higher wvectors than ifself., -

Conversely when we give some linear combinations among the basis of 9 as stated above, then
we oblain a nilpotent Lie subalgebra of § . | |
Proof |

The basis of maximal nilpotent Lie algebra can be obtained from M through the only
relation 1), . Therefore we get | ).

The basis of g ., is chosen from WM = {x;Y; %, € My, Y; (=1 ,+++,n,) is a basis of
8n}. Therefore if a vector X dependsupon higher vectors or equals to 0 mod 8 () then

the desended vectors of X can be excluded from basis of g .
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Conversely the Lie algebra stated in ii ) is well defined and nilpotent. Therefore we get ii).
Q. E. D.

§4 . Example
In this section, we shall apply the method stated in Sec.1 and 2 to the case of 2-rank, 6-step

and 3-rank, 4 -step nilpotent Lie algebras and get the maximal ones of them.
| Hereafter we use the following notation for simplicity:
akigipgy veer i ma kX X ot X ERp (BER, 1<h k),
where * means the product of a vector by a scalar.

Example (2 -rank, ¢ -step)

Let g bea §-step maximal nilpotent Lie algebra of rank 2 and x,, x; be a basis of WM, , Then

g is as follows :

w, : 1 /2
m, * 12\
2
. 212
n, 112
m, - 1112 1212 2212
m, - 11112 21112 11212 21212 12212 222{\
MW+ 111{12 121112 111212 211212 121212 112212 212212 122212 222212

and there are following relations :

e R R (2, 1)
QI ] +eereienes s e an R (2 . 2)
I () esvrereenanenn e e e (z,3)
I12=1212 -+ e eeiaerteeteseieiaeesetatereessrseeseescinesseseicoeiisisieeeeressressseeesiiiieereseeess (4, 1)
GO1DI2= — 122212+ 2k TUDZAL w-vreemenrrnsrimmmrsssnsss s rr et b (6 . 1)
991112 = — 3% 121212+ 1122124 38 ZLTZLD -+ veverrsssssrsrsrsmsssssosommtbisissnsner s (6, 2)
DII11Z= — 1112124 2K L2LLLZ -evervesrmmsmmersessssssesessams sttt (6 ,3)

The independent vectors of My, Vs, My, Mg, Mg can be chosen by Mo, M3, My, MWs, e

which are listed below and underlined vectors mean that they depend upon others.

W, = (22, 12, 21, 11)

There are following relations among these.

.............................................. 1

22=—22 o 22= 0 e e (2, 1)
1207 — 21 5 Q1 — 12 eerrrreee s e (.2 , 2)
(2, 3)

TIm 11 % LI @ eveeerersssessuemmmsmmm et b s sttt
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Wy = (212, 112)
There are following relations among these,
212=— (12, 2)
=212 (2, 1)
112=— (12, 1)
=112 (2, 2y, (2,1

M, = (2212, 1212, 2112, 1112)
There are following relations among these.
2212=— (212, 2)
=2212 v(2 o,
1212=— (212, 1)
=2112—1212+2112
2112:1212 .............................................................................................. (4 s 1)
m2=-mz, 1)
=1112 (2, 3)

Ms = (22212 , 12212, 21212 , 111212 , 2112 , 11112}
There are following relations among these.
22212=— (2212 , 2) . |
=22212 iz, 1)
12212=—12212 , 1)
=21212—21212— 21212+ 12212+ 21212+ 21212 — 21212
(2, 2).(2,5),(4,1)
=12212
21212=—(1212 , 2]
=21212+12212—12212— 21212+ 21212
(2, 1).(4, 1)

=21212

11212=—1212 , 1)
=11212—11212+11212 (2, 2),(2,3),(4,1)
=11212

21112=—(1112 , 2)
=11212+11212+11212— 11212 11212 — 112124 21112
(2, 1),(4, 1)
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=21112
1mz=-(112, 1)
=11112 ez, 2,3
Ma= (222212 , 122212 , 212212 , 112212, 221212 , 121212,
211212 , 111212 , 221112 , 121112, 211112 , 111112)
There are following relations among these,
22212=—(22212 , 2)
=222212 (2,1
122212=—722212 , 1)
=921212— 221212 —221212—221212+ 212212+ 212212+ 221212+ 212212
4221212+ 221212—122212—221212—221212—221212+212212
c(2, (2, 3,041
=—122212+H4% 212212 — 2% 221212
.................................................................... {6

S 221212=—1222124+ 2% 212212

212212=—(12212 , 2]
— 9912124122212 —212212—212212—221212+122212+221212+ 221212212212

(2, 1).(4, 1)
=—3%212212+2% 122212+ 2% 221212
=212212 (6, 1)

112212=—(12212 , 1]
=121212—121212—121212+112212+121212+121212— 121212
(2, 2),(2, 304, 1)

=112212

121212=—[21212 , 1] ‘
=911212—121212—211212+211212+112212+ 121212+ 211212— 121212
—221112—121212+ 211212 co(2,2),(2,3),(4,1)
= — 2121212+ 112212+ 3 % 211212221112
So221112=—3%121212+112212+ 3 % 211212
211212=—(11212 , 2)
—121212+121212+112212—211212—112212—121212— 112212 121212
1212124221112+ 1212124121212 — 211212
(2, 1),(4, 1)

— —9%211212-112212+ 3% 121212+221112
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=211212 (6, 2)
1z12=—11212 , 1)
=111212—111212+111212 (2, 2),(2,3).(4, 1)
=111212

121112=—(21112 , 1)
=211112—111212+ 111212+ 111212+ 111212— 121112 — 121112 — 121112

+211112 (2, 2), (2, 3),04, 1)
=2#111212—3%121112+2% 211112

o 211112= 111212+ 2% 121112 correroeomemrrrnrmrnemannnrnarrenrenses e (6 ,23)
111112=—[(1112 , 1)
=111112
Example ( 3 -rank, 4 -step)
Let ¢ bea 4 -step maximal nilpotent Lie algebra of rank 3 and X;, X, X3, a basis of W
Then g is as follows :
m,: 1, 2 3
My 12
W 112 212 113 213 313 123 . 223 323
2212 2113 2213 2313 2123 2223 /2323
w112 1212 1113 1212 1313 3313 1123 3123 1223 1323 3323
and there are following relations :
BI (] cvveeeerereneteemrruereeeaeeeaeiseesaeeetre s toet e aaaaetannataeeeteattn aaaeenaaeeenarren (2, 1)
32— _23 .................................................................................................... ( 2 R 2 )
31: 713 .................................................................................................... ( 2 , 3 )
B | IR S (2, 4)
e [ SO PSPPSR (2, 5)
11: 0 ....................................................................................................... ( 2 , 6 )
R L L P (3, 1)
s T 1 ' T O {4, 1)
Bl e T s T T T (4 ., 2)
3212 =122 2 21231 2213 --rr-vvreerrmararnnrertruritrranraranrnat e st ae et rra s (4, 3)
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R R K K TR L e T TP e P PP P L PP CPPEL TRRL LRI EL R L LALLM A (4 , 4)
3112= —1123+ 24 1213 — 2113 +-rerresramrrrrmrerssanaans feterieveeerrhaereeraastrnr s rrnnanaes {4 , 5)
R ) AT T e P P e P PP RO P L LR LRI C AR (4, 6)

The independent vectors of My, Ma, M, can be chosen fromW,, W,, My which are listed

below and underlined vectors mean that they depend upon others,

W, = (33, 23, 13, 32, 22, 12, 31, 21, 11}

There are following relations among these.

93— —133 T T P UVOTPTPEUPUIUTOUPUPPUUUPPIUPIDIEOPPIOY & S
93= —32 R S SO RO TR PRORN (2, 2)
13=—31 o BL I m L3 rere e en e e e (2 ,3)
29=—199 22:0...' .......................................................................... (2 . 4)
12=—21 Y L 5 S PP PP (2, 5)-

11=—11 S LTS ) e s e (2 , 5)

‘JJZ:.;:(323. 223, 123, 313, 213, 113, 312, 212, 112)
There are following relations among these.

323=—1(23, 3)

=323 V(2,1
225:—[23, 2)

=223 (2, 2),(2, 4)
123=-(23, 1]

=213—312 (2, 3),{(2 ., 5)

o 312=—123+213 e et tetreeesmereeriieeeeeeeeseascriesiicscessasirersessreseeesiarnonieas (3, 1)
313=—(13, 3)

=313 (2, 1)
213=—[13, 2)

=123+312 ' vz, 2)

=213 (3, 1)
13=-(13, 1)

=113 (2, 6)
212=—(12 , 2]

=212 (2, 4)
112=—(12, 1)

=112 (2, 06)
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M =(3323 , 2323 , 1323 , 3223 , 2223 , 1223, 3123, 2123 ,

1123 , 3313 , 2313, 1313 , 3213, 2213, 1213, 3313,
2113, 1113, 3212, 2212 , 1212, 3112, 2112, 1112 )

There are following relations among these.

3323=—(323 , 3)

=3323 {2,
2323=—(323 , 2

=3223—2323+3223 (2, 2)

=—2323+2%3223

3223:2323 ....................... e st rae-arrerrT I et aRaR AL aseEesareaaab et nn (4 , 1)
1323=—1(323 , 1)

=3213—-2313+3123—3213+3213 {2, 8),(3, 1)

=3123—-2313+ 3213

3213:1323_3123+2313 ........................................................................ (4 , 2)
2223=—(223 , 2)

=2223 (2, 2)
1223=—(223, 1)

=2213+2123—2213+2123—2213+ 3212

=2%2123—2213+3212
R A L by T B b B ) TR LT {4 . 3)

3123=—{123 , 3)

=2313+1323— 3213 2,1y
=3123 (4, 02)
2123=—(123 , 2]
=1223—2123+2213—3212 (2, 23,03, 1)
=2123 (4, 3)
1123=—[123, 1)
=1213+1123—-1213 (2, 3).(2,5),(2,6),(3,1)
=1123 '
3313=—(313, 3)
=3313 (2,1

2313=—(313 , 2)
=3123—1323—3123+ 3213+ 3123 (2, 2),(3, 1)
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=2313

1313=—(313, 1)
=3113—1313+3113

v G118 131G e e e e eer e

2213=-(213 , 2]
=2123—2123+2213
=2213

1213=—(213 , 1)
=2113+1123—1213+3112
=1123— 121342113+ 3112

4 8112=—11234+2% 1213— 2113 «oorereeee

2113=—[113 , 2)
=1123—1123+1213—1123+1213— 3112

=2113
1113= (113, 1)
=1113
2212=— (212 , 2)
=2212
1212=—1(212, 1)
=2112—1212+4 2112

{4, 2)

....................................................... (4'4)
cfe o, 2y,(2, 4),(3, 1)
{2, 3y.(2,5{(3.1)
................................. (4 , 5.)
(2, 2),(3, 1)
{2 .,3)

(2, 4)

(2, 6),(2,86)
....................................................... (4 ﬁ)

DL — 121 P e en e

112=—1112z, 1)
=1112

§5. Classification

In this section, we shall apply the results of Sec. 2 to the 4-step nilpotent Lie algebras of rank

2 and classify them.

Difinition 4 . Let 8 and b be two Lie algebras and [ a linear mapping of 4 onto § . The

mapping f is called an isomorphism if the following conditions are satisfied :

DX, Y) =0, 1Y) X Yeg,

2) XY, thenf (X) > f(Y),

and then these algebras ave said o be isomorphic.

If 8 and § are especially nilpotent Lie algebras, then we can look for them to be contained

within a maximal one with the same rank and step (as subalgebras}.
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Lemma 3 . Let @, § bde a k-slep nilpotent Lie algebras of rank n, and X;1, X, serer X,
the common generators in maximel one. Then 0 and Y are isomorphic if and only if there ave nx

nand X (N-n) matrices A (| A | %0) and B such that the vectors

X5 X1
* b3
X1z _ 12 . .
. = (AB)| : Jwhere Xyy, Xig, *=++r Xin, 5 @ basis of |
. :
L} - L)
b.4 »
1n Rk,

and their descended vectors satisfy the same linear relations as g4's one.
Proof

If g and § are isomorphic, then there is an isomorphism f which satisfies 1)and 2 ) and since x,,
(i=1,2,-++, n) are generators of § , x*,,=f (x,) (i=1,2,++,n) are also generators of .

Therefore there are nxn and nx {N-n) matrices A (| A |3 0) and B respecively such that

Xn
X1 X
X B 12
= (AB) ] -
{*) s :
X1n :
Xyny

and their descended vectors satisfiy g 's linear relations.

Conversely if these relations are satisfied, then linear mapping which is induced from relation

(k)

X X1
o, X1z AB Y| X1z
gt | ~lonl|:

. .

Xkny, Xien,,

is a isomorphism § onto g .

Remark Q.E D

General linear group GL {(n,R) has an Iwasawa decomposition, That is, GL (n,R) = O(n}D
(n)N{n) where O(n}, D(n) and N(n) are all nxn matrices of orthogenal, real diagonal and upper
triangular with 1’s on the diagonal respectively.

Therefore we can classify the nilpotent Lie algebras by mean of the linear mappings f = (N {n)

0, (DM)0), (O(n)1) and (I M) only, where M is all nx (N-n) matrices.

According to the above remark, we shail classify the 4-step nilpotent Lie algebras of rank 2

as follows :
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The maximal nilpotent Lie algeara § is

. 1 2
‘J.H]- ? /
- My 12
My 112 212
iy 1112 1212 2212

and there are following relations :

22= TR T (2 , 1)
21:712' ..................................................................................................... (2, 2)
TLo= () everereeeveseemeesamreeerreten eSS (2, 3)
D112=— 1212 --r--emerrrenrenenn T L R R L R R R L AL AR (4 , 1}

We transform the generators x;, X, to another generators x;*, x,* by the linear relation

. ¥
X ab X ab
m ( 1*>=(cd)(xl) cd‘AFO
XZ 21
then the maximal Lie algebra with generators x,*, X;* is
a¥l4+b*2 , c¥l+d*2

(ab—Dc) %12

(ad—be) (a¥112+b#212)  (ad—bc) (c¥112+d*212)

(ad—bc) (a #1112+ 2ab #1212+ b>2212) {ad—hc) (c™1112+2cd #]1212-+d%2212)
(ad—bc) (ac #1112+ (ad+bc) #1212 +bd %2212)

We can find all non-isomorphic Lie algebras by these relations,

1-step : 1, 2
2-step : 1, 2
12

@ 1, 2 (blA)1, 2 ¢y 1, 2

3-step : / / /

112 uzl] 21 12
where 112=A %212
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If 3-step nilpotent Lie algebras 8 are transformed to the type {a) by the relation (1}, then we

get
cx112+d*212=10.
When c2¢(, then
112= —%* 212,
Therefore
Alfin the type (b)) = ——S— and —co < d <oo,
i. e., this means that (a) = (b)

Hence all non-isomorphic Lie algebras are following (a) and (c) :

@ 3, /2 (b:A) 1, 2
12 12
112 212

where =A% 212

(c) 1, /2
/ 12\
112 212
4-step (@ :1A)I, .2 {(b;A,BY 1., 2
e
112 212
1112 2212
Where :A %1112 Where :A *212+B*2212
) 1 , 2 @ 1, 2 (e:Ay 1. 2
/ /
12 12 12
N
112 212 112 212 112 212
1112 1212 1112 1112 1212

where =A %1212
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(f:a)1, 2 (B:A.BY1, 2

/

12 12
N

112 212 12 212

1
1112/ 2212 2212

where =A*2212 where = A %2212 and [1112] = B#2212

(h:ABY1. 2 (i) 1, /2

12/ 12
/N /N

112 212 112 212

1212 2212 1112 122 2212
where [1112 —=A %1212+ B %2212

We first consider the case that 4-step nilpotent Lie algebras o are transformed to the following

types by the relation (1),
i) Type (a:A)
We get
cx1124+d*212 = A(a?#1112+2ab* 1212+ b2 % 2212)

When ¢ = 0, then d¢ 0 and
212 = %(a2*1112+2ab* 1212+ b% % 2212)

2
- A; *1112 1212 = 2212 = 0.

Therefore

Aaz and a0

A(in the type (a)) =
i, e., this meansthat (a:A = 1) = {(a.:A>x0).

When ¢ 3 0, then
d 41242 % (al* 1112+2ab% 1212-+b°* 2212)

2= <4
= —%*21%)‘“@%@&*2212 1112~ w1212,
1212=2112= #—f:l—*2212.
Therefore . '
Al(in the type (b)) = ———g—,B(inthe type (b)) = —A@c;ﬂz—and —oo<d<e, i, e,
thismeansthat(a:_Az[})E(b:B:())and(a:Azl)E(b:B%O). . 7

it} Type{c)
We get
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€2k 1112+ 20d k 12121 AZHE 2212 = [} coorevreerermmmemtneseteeeeeeessrereessresasaeeseeeeenenes {c, 1)
When ¢ = ¢, then
d 20, and 2212 = 0, i. e, it's of the same type.

When ¢ % 0, then
dz

1112 = —z‘d*1212 ————#2212.
c c2
Therefore
. 2d . d?
A(in the type (h)) = B (in the type (h)) = — 5 and —oo< d <o,
c
LA=— 4B, '
i. e., this means that (c) = (h: AZ4+4B = @),
iii) Type (d)
We get
2% 11124 2cd % 1212+d?2212 = (0, #rrm e e ey W, 1)
2Ck 11124 (ad4-DC) & 12124 DA 2212 = (). c-orrerrrrrrremsammmenrien e e rresarasaneenenss (d, 2)

When ¢ = 0, then
dx0 and 1212' = 2212 = 0, i. e., it's of the same type.
When ¢ % 0, from (d, 1), (d, 2) it follows
2acd * 1212+ad?% 2212— (ad +bc) c % 1212--bed % 2212 = 0.
S 1212 = ﬁ%*zmz.
From (d , 1), it follows
1112= %:—* 2212.
Therefore
A(in the type (g)) = ﬁ%, B(in the type (g)) = S—: and —oco< d <oo,
~AZ=B,
i, e, , this means that (d} = (g: B = A?),
iv) Type (e: A)

We get
c2 %1112+ 2cd % 12124+-d? % 2212 = (F, worrerommmm e e (e, 1)
aZ%1112+2ab%1212+0b%*% 2212 = Afac* 1112+ (ad-+bc) *1212+bd % 2212} . ------(e , 2)

Whenc = 0 (resp. a =0) and A =0, thena & 0, d 5 0 (resp. b 3 0, ¢c3x0)
From (e, 1), {e, 2) it follows '

2212=0 and 1112= —%* 1212 (resp. *sz*1212).

{s]
2 (resp. —2—Cd) and —co <d<{oo (resp. —oo <d<co},

Therefore A (in the type (e)) = — a

i. e., this means that (e: A = 0) = (e: A % 0)
Whenec %0, a>x0and A=0,

i,

i.

vi)
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From (e: 1), {e, 2) it follows
—9a%cd % 1212—ad?% 2212+ 2abc? #1212+b%c? % 2212=0.
- Jac*1212+ (ad+bc) %2212=0.
ad+hbc
. 1212= —T*2212.
From (e, 1) it follows
112*£* 2212
1 ~ac .
Therefore iy
ad+be . -
A(in the type (g)) =——_—, B(in the type (g)) =—, =
(ad—ho)? - ad—bd
 AM-B=———Tm—— Joa =0,
. A*—B= taic? >0
‘e., this means that (e: A = 0) = (g B <A?Y).
v) Type ({1 A)
We get
ac# 1112+ (ad+ be) * 1212+bd 2212= A (c? 1112+ 2cd % 1212+d” 5% 2212) (f, 1)
When ¢ = 0 (resp. a=0) and A= 0, then X .
a0, d0 (resp. b2c0, c3c0} and 1212= —7*2212 (resp. —T*ZZIZ).
Therefore ’
A= b (resp. —-—d—) and -co<h<oo (resp. —oo<d<oo},
a c
e., this means that (f: A=0) = (f . -A0).
When c¢%0, a0 and A=0, then
ad+bc _Ed_
1112= ———ac—-* 1212 ac * 2212
Therefore o
d+bc . _
Alin the type (h)) = —— > B (in the type (h)) = ——.
. .
A2+4B:_%2——cbzi->o sad—be 20,
e., this means that (f: A=0) = (h CAZHAB>0),
Type (g B>AY)
We get
acs# 1112+ (ad +be) # 1212+ bd# 2212= A (c?# 1112+ 2cd * 1212+d* % 2212) , -+ (g. 1)
.................. (g' 2)

%% 1112+ 2ab# 1212+ b%# 2212 = B(c?# 1112+2cd % 1212+d% % 2212) .
When A=0, B=1 and c¢=0, then a0 and

From (g, 1) (g, 2) if follows

b . b2+d
1212= g—a—* 2212 and 1112=

2
]
b R _ b2+d?
Therefore A (in the type (g)) =———, B(inthetype (g)) =——;
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dZ

L B-Al= > sdx0,
i. e, this means that (g: A=0, B=1) = (g: B>A%).
vii) Type (h: A24+4B<()
We get
a®# 1112+ 2ab% 12124+ b2 % 2212 = A(ac* 1112+ (ad+bc) * 1212+ bd % 2212)
+B{c? 11124 2cd % 12124+ dZ % 2212, =e emmeereeeooo (h, 1)
When A = 0, B = —1, then
a?x 11124 2abx 1212+ b2% 2212 = —cx 1112~ Zed %1212 d%% 2212°

_ __2(abtcd) b*+d?
L1112 =— HZ+C2 *IZIZ—W*ZZIZ
. 2(ab+cd) . b24d2
Th P Lol e S —_—
erefore A (in the type (h)) Zrc B (in the type (h)) Aty
4{ad—bc)?
. 2 - . -
S AMH4B= iy <0 sad—bc =0,

i, e, , this means that (h: A=0, B=—1) = (h: A2+4B<).
Next, we consider the case that 4-step nilpotent Lie algebras g are transformed to the

following types by the linear relation

X,
X1 1 0 abe X2
@ . = XiXz
X2 0 1 def XXX
X2X1X2
then the maximal Lie algebra is
1+a®2+b*x112+c*212, 2+d*12+e%x112+4212

12+d*112—a*212+e*1112+ ({—b) %1212 —c %2212

112+d=*1112—a #1212 2124-d*1212—a %2212

1112 1212 2212

i) Type (a:A =10)
We get
212 + d#1212 — a%2212 = 0
o212 = —d#1212 + a%2212 = 0 .- 1212 = 2212 = O,
i .‘e_ , it's of the same type,
i) Type (a:A=1)
We get
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212 + d=*1212 — a%x 2212 = 1112
212 = 1112—d %1212+ a % 2212= 1112 - 1212 = 2212 = O,
i.e., it's of the same type.
iii) Type (¢)
We get
2212 = 0, 1. e., it's of the same type.
iv) Type (d)
We get
1212 = 2212 = 0, i. e., 1t's of the same type.
v) Type (e A =10)
We get
1112 = 2212 = 0, i, e., it’s of the same type.
vi) Type (f:A=10)
We get
1212 = 0, i. e., it's of the same type,
vii) Type (g:A=0,B=1)
We get
1112 = 2212, i, e, , it’s of the same type,
vi) Type (h:A =0, B=—-1)
We get
1112 =—2212, i, e, , it's of the same type.

Hence all non-isomorphic Lie algebras are as follows :

(a:A=10) (b:B=10)
1. 2 I . /2
12 12
I /
12 = 112 212
1112 2212

where = A %212

(a:A=1) (aAxx0) {b:B*x0)
1. 2 1, 2 1, 2
- | 12/ | 1/
12
S o pe s 3
112 112 212
/ 111{ \2212
1112 R

where [212]=1112  where [212] = A#1112  where[112]= Asgl2+B #2212

(A0) (B0)
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(c) (h : A24+4B=0)
1, 2 1 . /2
12 12
113 212 — 115 212
1112 1212 1112 1212 2212
where [1112] = A #1212+ B %2212
(A24+4B=10)
(d) (g : B =A%
1, 2 1, 2
12 ~ 12
112 212 112 212

o [
where =A#2212 and [1212] =B #2212

(B=A%
{elA=10) (eI Ax90) (g: B<AY)
1, 2 1, 2 1, 2

12 —~ 12 ~ 12

112 212 112 212 212

™~
112
/ - ™~
1712 1212 2212

where [1112] =A%1212  where [1212] =A %2212 and =B#2212

{A0) (B<A?
(f:A=0) (fA+0) (h : A%+4B>0)
1, 2 1, 2 1, 9
/ e
12 12 —_— 12

w e T 1/12/\12\ = % w
11{ ;2 1112 2212 12{\2212

where [ 1212] =A*2212  where [1112|~ A% 1212+ B #2212
(A0) " (AT+4B>0)

(1)

(2)

(3)
(4)
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(g : B>A%
1 2

(2:A=0,B=1)
. 2
12 12

o

112 212

112 212 \
>12 2212
where =222 where [1112] = A #2212 and =B #2212

(B>A?
(h:A=0,B=-1) {h :A%+4B<0)
1, 2 1, /‘2
12/ - — /12\
112 212 112 212

-1112 1212 2212
where [1112 | =A% 1212+ B#2212
(AZ+4B<0)

12{ >12

where =—2212

(i) 1, ///z
12
VRN
112 212
/ SN
1112 1212 2212
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