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1. Introduction. The aim of this note is to prove

the following

Theoreom. Let fy and fp, be the following solvable Lie
bl K . "
sabalgebras :

(1) a Borel subalgebra [ of a complex semisimple Lie
algebra 9F .
(2) a maximal solvable subalgebra H,= 5ibUIP+fﬂw0f a

noncoupact real semisimple Lie algebra ﬁﬁ .

Then H , b, and their suitablq,sualgebrasfadmit affine

strucbures.

In the abowve and in what follows, we say for shori that
a solvable Tie algebra & over R admits an affine structure
if a connected Lie group S with Lie algebra § admits a com-
plete localiy flat affine structure which is invariant under
left tranoldtLon, or equivalently, the univaersal covering
group S operates Simply tran31tlvely by aifine transformatlons
of R%, where n = dim § . '

The idea of proof is -as follows., Both algebras satlsfy
the same properties as stated in §1 of L27;
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(L) 8§ = it + B (semidirect sum), where §=150 or I,
(2) 1t is a J:lllTJOT,ent Wdeal which is graded by positive

1n4te,_jeL 8.

tﬂ.

S0 & adoilts an affine siructure by the Theorem of 12].

2. Proof of Ti’leorem. _
In what follows, refer to {41 for the details on ZF and I .
Case 1. Let 9} be a complex semisimple Lie algebra, %
‘a Cartan subalgebra of o and A\ =/A(%,%H ) the set of all
" nonzero roots with respect to H . As usual, we introduce a
lexicographic order and let N (resp. Tr={oly, ., } ) be the
set’ of all positive roots (the fundamﬁntal system of roots)
with respect to this order. Put = % , where %[\x denoctes
a root space corresponding to «¢/\ . Then [h= rt++1j is called
~a Borel (or minimal pdrabolic) subalgebra of “f . Each «¢ A
ig written uniquely as o= %’,m] o{k (m, 2 0, :Lntegers). Now
we uefJ.ne a grad atlon of 4tt by seliing rfy ZDJ , where we puv
l m for of = %‘mko(k&A . Then we ha.v:eﬁqw'l
- % N
Leuma, Let I be the set { i= Z My 5 oom MK €A 5.
Then {-rci ; 161} gives a.gradation of re¥ by positive
integers and Ty preserves the gradlation, i.e., 71’(+=- % g
{(direct sum), [11;, ‘rﬂ(a‘[ﬂ Yy, 3 and ad(h )-1¢; & Ws.
Proof.  Since [03"‘, oy gfréw? and‘ad(b’ )% & UJf( , Lemma
is obvious. - ' -
Therefore i-b:‘(t-; ¥ gatisfies the properties stated in S1.
Consequently (b admits a complex affins structure. As a real
Lie algebra be;‘ it also admits a real affine structﬁre (cf.

Proof of Corollary 1,[21).
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‘Case 2. Let 9f, be a noncoipact real semisinple Lie

algebra, Let ¢ =K+?P be a Cartan decomposition, dip a maxiaal

7"-"'-.:._::.'_a,be.l'j.an_.‘.sabSpaGe=‘fOT p anc,_jn‘, ] fx(dfw the centralizen . m. L’(—,r\

in B . lat D“?CP* be the dual space of ity . For each)\émj}; s
.. ye set "JJQ“ ﬁ{}{e“}ﬂ H [A, X1 = X(A)X for all Aevlj?} . )\,CO"CP
such that N+ 0 and Ug.:‘ +# 0 is called a restricted root. Tet
ST = 2 (%, Jlp) be the set of all restricted roots. Then >,
forms a root system and each root system has a basis, i.€.,
there exist )\l,,.,y A g €>, , a basis of U(;, such that each
X ¢ >, can be written uniguely as

SRV
_ A= %;; My Ae

P

where the m are integers of the same gign. Now we put

e N
&
T = {/\ %‘_J f”‘fn/\k €3 5 Mp 2 % %féo/
T = {lAi 'éb Wy 3 A= QL””%)\nikd }) ¢f{=::1‘%
‘ IAl=¢

‘Then ss in the Case 1, rQ+ is graded by I. 'Let T')* be a maxinal
abelian sualgebra of Ht and put b =074 00p +4C . - Then bl,:;‘_ffrjﬁ
(semidirect sum) is a maximal solvable 5uba1gebra of 4, » where
we put H= H 6Ty . then it is easy to see that the same Lemma
as in the Case 1 holds also in this case. Consequently b, admits
an affine structure by the Theorem of [2]. "

Sumnming up, the Theorem is proved.

- Remark, From the above argummnt: it is clear "bhaﬁ any sub-
‘algebra ,S of ~the form § =g/ + f} admlts an affine structure,
vhere ) is any subalgebra of % and 1' is any subset of T’
such that 4% L t; becones a subalgebra. A' '
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